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ABSTRACT

Let Cro(X) be the locally convex space of all continuous complex (or real)-valued

lunctions on a compietely regular Hausdorff space X, which is endowed with its compact

open topology. In this paper, we study compact composition operators on C"o(X)"

1. TNTRODUqT',ION

I-et X be a completely regular Hausdorff space and C(X) the vector space of

aii continuous eomplex (or reallvalued functions on X. For each compact subset

K of X, we define the semi-norm p* on C(X) as follows : '

pr(O = sup {lf(x) | : x e K}.

Keywords and phrases : i-ocally convex space, compact-open topology,

compoosition operators, compact operator.

The locaily convex topology on C(X) generated by the seminorms

{p* , K compact in X} is called the compact-open topology of C(X)' With this

"opology, C(X)l becomes a locally convex space and we denote it by C..(X).
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Let F(X) be the vector space of all complex (real)-valued functions on

X and let T be a selfmap on X. Then T induces the iinear transformation

C-: C"o(X) -+ F(X), which is defined bY

Cr(0 = foT for all f e C"o(X).

We call C, a composition operator on C.o(X) if C, is a continuous linear

transformation from C.o(X) into itself. These operators on different function

spaces have been the subject matter of several papers in recent years, for exampie,

see Kamowitz2, Nordgren3, Singh and Komala, Singh and Singh6, and Takagis. In

this paper, first we study some properties of composition operators on c"o(X),

and then give the condition for a self map T on X to induce a compact

composition operator C, on C"o(X).

2, RESULTS

We begin with the following characterization of composition operators

on C".(X).

2.1 Proposition : A self map T on X induces a composition operator

C, on C.o(X) if and only if T is continuous.

Proof : Suppose T : X -+ X is continuous. Then for every f in C""(X)'

Crf = foT e C(X). Let K be an arbitrary compact subset of X' Then

px(CiO = suP {lf(T(x)) I :xeK}

s suPilf$)l:YeT(K))

= Pr(x) (0 < -
for every f e c"o(X). This shows that crf e c.o(X). To prove the continuity of

Cr, let {fo} be a net in C"o(X) such that fo -+ O in C"o(X)' Then, for each

compact subset K of X, px(f.,) --+ O. Now

P6 (CrfJ S Prtxr (f") + o'
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showing that C1 is continuous at origin and hence on C"o(X). For the converse,

suppose T is not continuous at some xo in X. Then there is a net {xo}or^ in X

converging to xo but T(xo) does not converge to T(xo) in X. So there exists an

open neighbourhood G of T(xo) such that for every cro t n, we have T(x") e G

for some cr ) cro.Thus we can find a subnet {xp} of {xo} such that T(xU) e G.

Since X is completely reguiar, there exists an f e C"o(X) such that O S f < 1,

f(T(x")) = 1 and fQVG) = {O } . But since for each p,

lCrf(xp) - Crf(xo) I = lO - 1l = 1,

we have a contradiction to the fact that C, is an operator on C.o(X). Thus T must

be continuous on X.

Examples : (i) Every constant function on X induces a composition

operator on C.o(X).

(ii) Every polynomial function on R induces a composition operator

on C.o(R).

(iii) If we define T : R -+ R on T(x) = O when x is a rational, and = I if x is

an irrational, then T is discontinuous at every point of R. Therefcre, by

Proposition 2.1, it does not induce a composition operator on C"o(R).

Remark : (i) The set of all constant functions on X is invariant under C1.

(ii) If X is a compact Hausdorff space, then C.o(X) becomes a Banach space

under the sup-norm : ll f ll- = sup ilf(x) | : x e X). In this case, if C1 is a

composition operator on C.o(X), then llCrll = l.

For x in X, if we define e* : C.o(X) -+ C as e*(0 = f(x) for all f in Cco(X),

rhen e* is linear. Since le*(f)l = lf(x)l S pK(D for some compact subset K of X, it

:ollorvs that ex is also continuous. Thus e* is a continuous linear functional on

f ,- Xi, Let E = {e,: x t X}. Then E is a subset of C"o(X)., the continuous dual

.: J,-,.X). For each linear transformation H on C"o(X), H induces the composition

:.: ': -.rnalion Cs, which has the form
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Cn(A) = AoH for all A € C"o(Xf

Next theorem presents a necessary and sufficient condition for an operator on

C"JX) to be a composition operator. This result also holds in the general setting

of weighted spaces of continuous functions (see, Singh and SummersT).

2.2 Theorem : Let H : C"o(X) + C.o(X) be an operator. Then H = Cr for

some self map T on X if and only if E is invariant under Cg.

Proof : It follows from Thoorem 3.1 of Singh and SummersT.

Singh, Manhas and Singhs have proved a result for compact composition

operators on weighted spaces of continuous functions, which in our setting of

C.o(X) yields the following :

2.3 Proposition : Let X be a connected completely regular Hausdorff

space. Then a composition operator C1 on C.o(X) is compact lf and only if T is

constant.

From their proof, we observe that they use connectedness of X only to

estabiish that C1 is compact + T is constant. Now, without using connectedness

condition on X, we have the following characterization for a compact

composition operator C1 on C.o(X) :

2.4 Theorem : Let X be a completely reguiar Hausdorff space and suppose

T is a continuous self map on X. Then a composition operator C1 on C"o(X) is

compact if and only if T(X) is finite.

Proof : Let C1 be a compact composition operator on C.o(X) and suppose

there exists a sequence {xni of distinct elements in T(X) which does not converge

to any of its elements. Choose an open subset Gn of X such that xn e Gn but

x;€ Gnwhenj*n.

Using complete regularity of X, there is a continuous function

fn : X -+ [0, l] such that fn(xn) = 1 and f(X/G") = {O} for all n. Now since

, --. ,. f';@*",+
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Cl is compact and {f") is a bounded sequence in C.o(X), {Crf"} should have

a convergent subsequence. But since forj * n and for x e K with T(x) = 1n,

px (Cfn - Crt) = sup {lf, (t(x)) - f.; (T(x))l : x e K}

) lf" (x,) - t (xn)l = t,

for each compact subset K of X, u,e obtain a contradiction. Thus T(X) must be

finte. Conversely, if T(X) is finite, then it follows from Proposition 2.3 that Cr

is compact.
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