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ABSTRACT :

The purpose of this paper is to prove some common fixed point theorems
for weak-compatible maps of type (A) which generalize the Banach’s fixed point
theorem in Uniform space by taking a control function ¢.
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1. Introduction : In a complete metric space X Banach’s classical fixed
point theorem guarantees the existance of a unique fixed point for a self map T
of X if it is satisfies,

d(Tx, Ty)<kd (x,y),0<k<I,x,ye X"
Browder [2] generalized the above theorem by taking a control function ¢ while

Jungck [3] extended the same theorem for two commuting maps in a complete
metric space.

An equivalent to the concepts of compatible and compatible maps of type
(A), under some conditions Pathak-Kang-Beak [8, 9] introduced the concept of
weak compatible maps of type (A) in Menger and 2-metric spaces. This concept
is more general than that of weak commutativity studied by Sessa [11].
Compatibility and Compatibility of type (A) of maps was first introduced by
Jungck [4] and Jungck-Murthy-Cho [5] respectively.

- In this paper we deduce definition of weak compatible maps of type (A),
which analogous to in [8, 9] and use it to generalize the Banach’s fixed point
theorem in Uniform space for four maps by taking a control function ¢ as
under.
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2. Preliminaries : A uniform space is a generalization of a metric space.
Throughout the discussion (X, U) stands for Hausdorff Uniform space. For the
terminology and basic properties of Uniform spaces the reader is refered to
Acharya [1], Sharma [ 12}, Mishra [7] and Rhoades [10]. '

Definition 2.1 : Let (X, U) be a Hausdorff Uniform space and P be a
fixed family of pseudometrics p on X which generates the uniformity U..
Following Kelley ( [6] chapter 6), we define

@ V(p,r)z{(x,y):x,ye Xp&xy<rr>0}

n
b)) G={V:V=n V(p o BEBRg>0i=12, .0k
fadiar L1

(¢) Foroa >0,

n
aV={n Vpr);p€ P >0,i=12,...n}.
i= i1

Definition 2.2 : Two self maps S and T of X are said to be weak-
compatible of type (A) if

limp_yee p (STx,, TTx) < limy_,..p(TSx,, TTx),
and limg_yo p(TSx,, SSx ) < lim,_,.. p(STx, S5x)),
whenever {x,} is a sequence in X such that limp_,.Sx;; = limy_yocTxp =y for
some y in X.

3. Common fixed point theorems : Before giving our main
results we mention the following lemmas which are required in the sequal.

Lemma 3.1 [1] : Let p be any pseudometric on X and a, 8 > 0. If (x, y)
EQ V(p,r ) O« V(p,r ) then p(x,y) < ar, + ar,.
1 2

Lemma 3.2 [1] : Let V be any member of G, then there is a pseudometric
pon XsuchthtV = V(p.l)'

This p is called Minkowski’s pseudometric of V. ,

Lemma 3.3 : Let A, B, S and T be self mappings of X satisfying :
(3.3.1) A X) g T(X) ; BX) S SX).
(33.2) ForanyVe G,aa>0;x,y€ X, (Sx, Ty) € aV implies
(Ax, By) € ¢ (o) V where ¢ : [0, <) — [0, ) is non-decreasing continuous on

the right.and for k > 0, 2, 07(k) < o<.
1 .
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(3.3.3) Let xg € X be arbitrary, then in virtue of (3.3.1) there exists x|, X2 €
X such that Axg = Txj, Bx; = Sx3 and so on. Inductively we can define a
sequence {yn} in X such that

y2n = TXopyy = A%y, and Yy, = SXgp0n =By 50=0,1,2,3, ...

Then the sequence {y,} is a Cauchy sequence in X.

Proof : Let V € G be arbitrary p-be Minkowski’s pseudometric of V. For
X,y € X, set p (Sx, Ty) =r. For € > 0, we have p (Sx, Ty) € (r+g)V.
From (3.3.2), (Ax, By) € ¢(r+€)V. Using lemma 3.1 and 3.2, we get

p(Ax, By) <.0(r+€).
Since € is arbitrary, we have
(3.34) p(Ax, By) < 0(p(Sx, Ty)).

Now for sequence {yp} defined in (3.3.3). Using (3.3.4), we have
P(Yams Yan+1) S 0(p(y2n-1> Y2n)) and P (¥2n+1, ¥2n+2) < O(P(¥2n, Y2n+1))-
In general,
p(¥n» Yn+1) < 0(P(Yn—1, Yn)) < 02 (P(Yn-2, Yn-1)) < ... < 0" (p(¥0» Y1))-
Now for any two positive integer n, m(>n), we have
p(yn, Ym) < P(Yn» Yn+1) + P(Yn+1s ¥ns2) + oo P(Ym~1> Ym):

< @™ + oM+ + .+ 0™1) p(yo, y1),
1

s glq:l (p(y0, y1))-

(=4

Since for k > 0, Y, ¢7(k) < o<, we can find a positive integer ng such that for
1
m > n 2 ng,
m-1
;iq)l(P()’O, y1)) < 1. Therefore (yn, ym) € V when m > n 2 ng.

Hence {yp} is a Cauchy sequence in X.

Lemma 3.4 : Let A, B, S and T be self maps of X satisfying (3.3.2),
(3.3.3) and
(34.1) AX)u B(X)i_'c_:" SX) N T(X).

Then the conclusion of lemma 3.3 holds. )

Proof : Since in vertue of (3.4.1) we can define a sequence {yp} in X as in
(3.3.3) and the proof is same as the proof of lemma 3.3.

Lemma 3.5 : Let A, B, S and T be self maps of X satisfying (3.3.2),
(3.3.3), (34.1) and
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(3.5.1) S(X) N T(X) is sequentially complete subspace of X.
Then (A, S) and (B, T) have coincidence points in X.

Proof : From lemma 3.4, {y;} is a Cauchy sequence in S(X) N T(X). By
completeness of S(X) N T(X), {yn}, consequently the subsequences {Ax,,},

{SX5p42}s {BX,,,,) and {TX,,,,} also, converges to some z in S(X) N T(X).
Hence there exists points u, vin X such that Su=zand Tv=1z. °
Using (3.3.4), we have
p(Au, Bx,, ;) < 0(p(Su, Tx,, 1))

letting n — =, we get p (Au, z) < ¢(p(z,z)). Since for k > 0, 3 on(k) < o<, it
1

follows that ¢(k) < k. Therefore p(Au, z) < p(z,z) yields Au = z = Su.
Similarly,
P(AX,,, BY) £ 0(p(Sxaq, TV),

letting n — o<, we get p(z, Bv) < ¢(p(z,z) yields Bv =z = Tv.

Lemma 3.6 : Let S and T be self, weak compatible maps of type (A) of
X. If Su = Tu for some u in X then STu = SSu = TTu = TSu.

Proof : Let {x,} be a sequence in X defined by x,=u;n=1,2,3, ....
Then we have limp,_,.Sx; = lim_,. Txp = Su. By weak compatibility of type
(A), we have p(STu, TSu) = limy_, o p(STxp, TTxy) < Iimn__yxp(Tan,
TTxp) = 0, which implies that STu = TSu. Hence STu = SSu = TTu = TSu.

Theorem 3.1 : Let A, B, S and T be self mappings of sequentially
complete X satisfying (3.3.1), (3.3.2), (3.3.3) and
(3.1.1) Oneof A, B, S and T is continuous.

(3.1.2) (A, S) and (B,T) are the pairs of weak compatible maps of type (A).

Then A, B, S and T have a unique common fixed point in X.

Proof : From lemma 3.3, {y,} is a Cauchy sequence in X. By
completeness of X, {y,}, consequently the subsequences {Axzn}, {Sx2n],
{Bxap+1} and {Txop+1]} also, converges to some z in X.

Let S be continuous then SAx3p, SSx2q — Sz and the pair (A, S) is weak
compatible of type (A), we have
limp_ o p(ASX,,, SSx,,)<limp_yp(SAX2p, SSx25) = 0 yields ASx2p,— Sz.
Using (3.3.4), we have
P(ASx2p, Bx2p+1) £ ¢(p(SSx2n, Tx2n+1)),
letting n — o<, we get p(Sz, z) < ¢(p(Sz, z)) < p(Sz, :{.) yields Sz = z.
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Further, p(Az, Bx2p+1) £ 0(p(Sz, Txy, 1)),

letting n — o<, we get p (Az, z) < ¢§(p(z,2)) < p(z,z) yields Az =z = Sz,
Now since A(X). Q?T(X), there exists a point u in X such that z = Az = Tu.
Using (3.3.4), we have

p(z, Bu) = p(Az, Bu) < ¢(p(Sz, Tu)) = ¢(p(z,z)) yields z = Bu.

Therefore Bu=Tu and the pair (B, T) is weak compatible maps of type (A)
then from lemma 3.6, BTu = BBu=TTu =TBu, i.e. Bz=Tz.

Wsing (3.3.4), we have

p(Z, Bz) =p (Az, Bz) £ ¢ (p(Sz, Tz) = ¢(p(z,Bz)) < p(z, Bz) yields z = Bz.
Thus Az = Bz =Sz =Tz =z i.e. z is the common fixed pointof A, B, S and T.

Now for uniqueness of z, let z; be another common fixed point of A, B, S
and T then from (3.3.4), we have

P(z, z1) = p(Az, Bz1) < ¢(p(Sz, Tz1)) = ¢(p(z.21)) < p(z.21) yields z = .
This completes the proof.
Without making use of continuity of maps we prove our next result.

Theorem 3.2 : Let A, B, S and T be self maps of X satisfying (3.3.2),
(3.3.3), (3.4.1) (3.5.1) and (3.1.2).

Then A, B, S and T have a unique common fixed point in X.

Proof : Using conditions (3.3.2), (3.3.3), (3.4.1) and (3.5.1), from lemma
3.4-3.6, there exists point z, u,v in X such that

z=Au=Su,z=Bv=Tvand
SAu=SSu=AAu=ASu, BTv=BBv=TTv=TBvorSz= Az, Bz=Tz.
Using (3.3.4), we have '
P(AZ, Bxzn+1) < 0(p(Sz, Txn+1)),
letting n — o<, we get
p(Az, z) < O(p(Az, 2)) < p(Az, z) yields z = Azr= Sz.
Similarly, p(Ax2q, Bz) < 0(p(Sx2q, Tz)),
letting n — o<, we get
p(z, Bz) < ¢(p(z. Bz) < p(z, Bz) yieldsz=Bz =Tz.
Hence as in the proof of fhe theorem 3.1, z is the unique common fixed point of
A, B, S and T. This completes the proof.
Remark. If we take A = B, S = T = identity map and ¢(a) = ak, k=1,0<a
< 1 in our results then we get the result of Acharya [1].
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