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ABSTRACT

In this paper we prove the existence of mild solutions of nonlinear mixed
integrodifferential inclusions in Banch spaces. The results are obtained by using
the resolvent operators and a fixed point theorem for multivatued maps on locally
convex topological spaces.
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1. Introduction

The existence of mild, strong and classical solutions for differential and
integrodifferential equations in abstract spaces have been studied by several
authors [2,4-5, 12-14]. The existence of a resolvent operators for an
integrodifferential equations in Banach spaces has been established by Grimmer
[8]. Based on [8] Lin and Liu[10] studied the existence of mild solutions of the
semilinear integrodifferential equations with nonlocal conditions by using the
Banach fixed point theorem. Balachandran and Sakthivel [3] studied the existence
theorem for nonlinear integrodifferential equations in Banach spaces. Avgerinos
and Papageorgiou [1], Papageorgiou [15,16], and Benchohra [7]discussed the
existence of solutions for first order differential inclusions on unbounded intervals.
The purpose of this paper is to prove the existence of mild solutions for a nonlinear
mixed integrodifferential inclusion of the form
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—g{’— - Alu@®) +fto F (t-s) u(s) ds] € G (tu, f; k (t s,u(s))ds, @)
J; h(t,s,u(s))ds), te I =[0,0],
u(0) = u,,

where G: 1 x X x X x X - 2"is a bounded, closed, convex multivalued map
k:AxX -»X,h:AxX — X, are given functions, where A={({t,s) : 0 <s<t<
whu, eX FH:Y>Y, AF()u(.)el'(1,X), Ft)eB(X), tel and foru e X, F'(t) uis
continuous in tel, where B(X) is the space of all bounded linear operators on X
and Yis the Banach space formed from D(A), the doman of A endowed with the
graph norm. T is a real constant, A is the infinitesimal generator of a strongly
continuous semigroup in a Banach space X. The method we are going to use is
to reduce the problem (1) to search for fixed points of a suitable multivalued
map on the Frechet space C (/,X) and we make use of a fixed point theorem
due to Ma [11] for multivalued maps in locally convex topological spaces.
2. Preliminaries

In this section we introduce the notations, definitions and preliminary facts
from multivalued analysis which are used throughout the paper. Let m be a
positive integer and /| = [0,m]. C (1,X) is the liner metric Frechet space of
continuous functions from I into X with the metric

d(u,z) = i 2nlu-z for each u,z € C(1,X),

m=0

where |[ul|_ = sup {|lu®)]|: £ 1 }. B(X) denotes the Banach space of bounded
linear operators from X into X. A measurable function u : 7 - X is Bochner
intergrable if and only if [u[ is Lebesgue intergrable. Let L' (1.X) denote the
Banach space of continuous functions v : 7 - X which are Bochner intergrable
normed by

lulls= [ Nu@ll: o,
and U, is a neighbourhood of 0 in C (/,X) defined by

U,={ueClX): ||ull,<p}

for each m € N. The convergence in C(/,X) is the uniform convergence on
compact intervals, that is u,~ uin C(1,X) if and only if for each m, i b= ul|  ~0in
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C (I_,X) as j-=. BCC (X) denotes the set of all nonempty bounded, closed and
convex subsets of X.

A multivalued map G : X - 2° is convex (closed) valued if G(x) is convex
(closed) for all x e X. G is bounded on bounded sets if G(B) = Uc X is

xeB

bounded in X for any bounded set B of X (that s, sup {sup{|lu|| : u e G)}}<).
G is called upper semi continuous on X if for each x eX the set G(x,) is a
nonempty, closed subset of X, and if for each open subset B of X containing
G(x,), there exists an open neighourhood A of x,such that G(A) ¢ B. G is said
to be completely continuous if G(B) is relatively compact for every bounded
subset B ¢ X. If the multivalued map G is completely continuous with non empty
compact values, then G is upper semi continuous if and only if G has a closed
graph (i.e.,x =X, U - U, u € Gx, imply uoaé Gx,. Now we shall define the solution
of the problem (1).
Definition 2.1. A continuous solution u (f) of the integral inclusion

u(t) € R@t)u, + /; R(t-5)G(s,u,/, k(s,T.u(v))dr,f)| h(s,T,u,(t)dr)ds
is called mild solution of (1) on 7, where R(f) is a resolvent operator of (1) with G
= 0 and R(f) € B(X) fort € ] satisfying the following conditions (see[8]) :

(a) R(0) = I (the identity operator on X),

(b) for all x € X, R(f)x is continuous fort € I.

(c) R(t) € B(Y), te L ForyeY, R(t)y € C'[0,b],X) M C([0,b],Y) and

d t
o ROy = A[RWOy+ [ F(t-s) R(s) yas]

= R() Ay + /: R(t-s) AF(s)yds, t € I.

We assume the following conditions :

() G:IxXxXxX - BCC (X) is measurable with respect to t for each
u € X, upper semi continuous with respect to u for each f € / and for each u €
C(1.X) thesetS, ={geL'(;R): g(f) € G(t,u(®), /x0 k(t,s,u(s))ds, /’0 h(t,s,u(s))ds)
fora.e. t€/}is non empty.

(ii) There exists functions a(f), b(f) € C (I;,X) such that

l f; k(t,s,u)ds | <a(f) ||u|land I/OTh(t,s,u)ds |<b(® ||u|| fora.et,sel,ueX.

(iif) The resolvent operator R(t) is compact such that maxmll R(@®)||<M,

where M >0.
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(iv) There exists a functions o (f) € L'/ ;R)) such that
[Gtuvwl<o@®Q(lull +v] + lwl)
foraete ], ue€ X, where Q: R, - (0,x)is continuous, increasing function
satisfying Q (a(®) x + b()y) <a () Q () + b(H) Q (y) and

M [ o () (1+ als) + b(s))ds < /rg%;)

for each m where ¢ = M| u,|.
(v) For each neighbourhood U, of 0, U € U,and t € I the set
{ROU,+ /| R(-S) 9(5) ds, g€ S, }
is relatively compact.
Lemma 2.1 [9]. Let 7be a compact real interval and X be a Babach space. Let
G be a multivalued map satisfying (i) and let T be a linear continuous mapping
from L'(Z,X) to C(Z,X), then the operator
FoS,:CUX)~X ('oSy) ¥ =(S;,)
is upper semi continuous in C{ X) x C(X). ,
Lemma 2.2 [11]. Let X be a locally convex space. Let N: X —» 2¥ be a compact

convex valued, upper semi continuous multivalued map such there exists a
closed neighbourhood U, of O for which N(U,) is a relatively compact set for

each positive integer p. If the set C={yeX:\ye N(y)} for some A >1 is
bounded, then N has a fixed point.
Remark [9]. If dim X < » and I is a compact real interval, then for each u € C(,
X), SG,u is nonempty.
3. Main Resuit
Theorem 3.1. If the assumptions ()-(v) are satisfied, then the initial value problem
(1) has at least ocne mild solution on /.
Proof. A solution to (1) is a fixed point forthe multivalued map
N: C(, X) » 2°¢9

defined by

N(u) = {u € CU X) : ¥ = ROU,*+ [ RE-5)9(s)ds, g€ S5},
where
S;,={g9e L', X):g(f) G(i‘,u,ft0 k(t, s,u(s))ds, /OT h(t,s,u(s)ds) fora.et€}.

First we shall prove N(u) is convex for each u € C(, X). Let y,.y, € N(u),
then there exists g,,9, € S;, such that

y, (0= R(u, + /‘0 R(t-5)g(s)ds,i= 1,2t 1
Let0 <k <1, thenforeachte/we have
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(ky+(1-k)y,)t = R(Ou,+ f R(t-s)(k,9,(8)+(1-k)g,(s))ds.
Since S,  is convex, thus ky,+(1- k)yze N(u). Hence N(u) is convex for each u
€ CU X).
Let U, = {u €& C( X);|lull <p}be aneighbourhood of 0in C(/, X) and u €
U,, then for each y € N(u) there exists g € S, such that fort € 7, we have
ly®ll RO, |I+ HR(t-s) lI1lg(s)llds
M, H+M/o als) @ (|lull+ a®ull+b® | ul)ds
Miu, H+Mf a(s)Q (lulh+a® @ ([ulh+bO)((ul))ds
Mi|u,||+M / afs)(1+a(s)+b(s)Q(|u[)ds
M|y, H+MllaH (1+a(s)+bE)l ZU%Q (llulh)

P

IA

N IN A

A

L(I)“

Hence N(U,) is bounded in C(Z,X) for each positive integer p.

Next we shall prove N(U,) is equicontinuous set in C(/,X) for each positive
integer p. Lett,, t,, €1 ,t <t then forall he N(u), ue U, we have
ly() - vt < [(RE) - R(E) g+l f(f (R(t,S) - R(t,-))g(u)ds||

+|4 R -9gwas|
< IRE) - REY uyll+ 15 RE, - 9) - RE, - 9)auyds|
*Met,-t) /" llgw)lds.

Hence by Ascoli-Arzela theorem we conclude that N(U,) is relatively compact
inC(,X).

Now we shall prove that N is upper semi continuous.
Letu —> u, y,€ N(u) and y, - y,. We shall prove that y, € N(u.), y, € N(u,)
means that there ex;sts g, €S, such that

y, ()= R(® u* /0 R(t-s) g, (s)ds tel
We must prove that there exists g, € S, such that

Y0 = R(® us+ f0 R(t-s) g,(s)ds, t c J @
The idea is then to use the fact that y, - y,; and y, - R()u, € I'(S; ) where

To)®) = /, R(t- )g(s)ds, t€ 1.
So we consider the functions u, y, - R(f) u,,g, defined on the interval [k k+1] for
any k € Ny {0}. Then using Lemma 2.1, in this case we are able to say that (2)
is true on the compact interval [k, k+1], that is,

(VoD = ROU* [ R(E-5) G (S
for a suitable L'- selection g of G(t,u / k(t,s,u)ds, /0 h(t,s,u)ds) on the interval
[k.k+1]. Let g (D = g (f) for t € [k,k+1]. We obtain that g, is an L'- selection and
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(2) will satisfied. Clearly we have [|(y,- R®u,) - (/,- R(®u)||=»0asn - .
Consider for all k € N U {0}, the mapping
sk C (tk,k +1], X) - L'([kk +11, X),
yo S ={geli([kk+1],X): g « Gty  k(t.s,u)ds, £ ht,s,u)ds)
fora.e. te ([k.k +1]}.
Now we consider the linear continuous operators
T, : L'(Tk.k +1], X) - C ([k.k +1], X),
g-T, (@0 = /, RE-5)g(s)ds.
From Lemma 2.1 it follows that T',0 Sf; is upper continuous for all k€ N U {0}.
Moreover, we have
W0 - ROU oy < T, )
and u_ - u.. From Lemma 2.1 we have (V) - ROU| 4.y € T @,
W, - ROU| sy = fot R(t-s) g* (s) ds for some g; € g';u'.
Hence the functions g, defined on /by g, ® =g, (O fort e [k k +1]isin S;,..
Therefore N(U,) is relatively compact for each p and N is upper semi continuous
with convex closed values. Finally we prove the set { = {u € C(/,X); Au € Nu}
for some A >1 is bounded.
Let Au = Nu for some A >1 then there exists g € S, such that
u® = MTR@OU, + A1 [ RES)9(S)dS, tEL
lu@ll < Mllu,|l+M /' als)(1+a(sy+b(sNllull)ds.
Let v(®) = Ml|u,|[+M /| a(s)(1+a(8)+b($)Q(||ul)ds,
then we have v(0) = M|y, || = c and |[u(®||<V(®.t € I,. Using the increasing
character of Q we get

V(O<M o (1+a®)+b(®) Q V(D). L€,
This proves for each t € /_that

H du m = du
<M/ o(s)(1+a(®+b{@))ds< | —.
/‘::» Q(u) /. )ds </, Q(u)
This inequality implies that there exists a constant M, suchthat v <M, tel,
and hence ||ul| , < M,where M, depends on m and on the functions o, a, Q.

Hence C is bounded. Thus by Lemma 2.2 N has a fixed point which is a mild
solution of (1).
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