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1. INTRODUCTION :

The fuzzy concept has invaded almost all branches of Mathematics since
the introduction of the concept of fuzzy set by Zadeh [9]. Fuzzy sets have
applications in many fields such as information [7] and control [8]. The theory
of fuzzy topological spaces was introduced and developed by Chang [5] and
since then various notions in classical topology have been extended to fuzzy
topological spaces [1 to 4]. The concept of fuzzy G, - set was introduced by
Balasubramanian [2]. In this paper making use of fuzzy F_ - sets and fuzzy G-
sets, we have introduced the concepts of fuzzy o - closure and fuzzy o - interior
and investigated their properties. Further we have introduced and studied various
types of fuzzy continuous functions involving fuzzy G, - sets. Further we have
g'ven complete discussion about the interrelations among functions introduced.

2. PRELEMINARIES
Definition 1. Let (X, T) be a fuzzy topological space and A be fuzzy setin X. A is

called a fuzzy G, - set [2] if 1 = ZA,. where each A.€T, iel.

Definition 2. Let (X, T) be a fuzzy topological space and A be a fuzzy setin X. A
is called a fuzzy F_ - set [2] if 4 = i;ﬂ,i where each A, €T, iel.

Definition 3. Let £:(X,T) — (Y,S) be a mapping from a fuzzy topological space
X to another fuzzy topological space Y. fis called (i) a fuzzy continuous mapping
[1] if f1(A) € T for each A€S. (ii) a fuzzy open/closed mapping [1] if f(A) 1s
open/closed set of Y for each open/closed set A of X.

Definition 4. Let (X, T) be fuzzy topological space and Y be an ordinary subset
of X. Then T, = (MY/ A €T) is a fuzzy topology on Y and is called the induced
or relative fuzzy topology [3]. The pair (Y,T,) is called a fuzzy subspace of

&)
Definition 5. Let {(X,, T) : i€I} be a family of fuzzy topological spaces and let
X =HX,- be the cartesian product of X/'s. The fuzzy product topology [6]IT T, on
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X 1s the smallest fuzzy topology on X (if exists) which makes each projection
p; X = (X, T), iel, fuzzy continuous.
3. FUZZY G, - CONTINUOUS MAPPINGS :

Definition 6. Let £:(X,T) — (Y,S) be a mapping from a fuzzy topological space
X to another fuzzy topological space Y.

1. fissaid to be fuzzy G - continuous, if f1(1) is a fuzzy G, - set in (X, T)
for any fuzzy open set A in (Y,S).

2. fissaid to be fuzzy G, -if £ (1) is a fuzzy G, - set in (Y,S) for any fuzzy
G, - set L in (X,T).

3. fissaid to be fuzzy F_, if f (A} is a fuzzy F_-set in (Y,S) for any fuzzy
F_-set A in (X,T).

4. fis said to be M-fuzzy G; - continuous, if f1(A) is a fuzzy G, - set in
(X,T) for any fuzzy G,-set A in (Y,S).

5. fis said to be fuzzy G,-homeomorphism, if f is one-to-one, onto, M-
fuzzy G-continuous and fuzzy G,.

6. fis said to be strongly fuzzy G-continuous, if £1(}) is both fuzzy G,
and fuzzy F_ for any fuzzy set A in (Y,S).

7. fissaid to be perfectly fuzzy G,-continuous, if f1(1) is both fuzzy open
and fuzzy closed in (X,T) for any fuzzy G-set A in (Y,S).

8. fis said to be weakly perfectly fuzzy G,- continuous, if f1(A) is fuzzy
open in (X, T) for any fuzzy G,-set A in (Y,S).

Note : The identity function i : (X,T) —» (X,T) is fuzzy G,-continuous

Remark : Since every fuzzy open set is fuzzy G,, every fuzzy continuous mapping
is fuzzy G-continuous. The converse need not be true See Example 1.

Example 1. Fuzzy G -continuity fuzzy #> fuzzy continuity.



4 E. Roja, M.K. Uma and G. Balasubramanian

Let X = [0,1]:Define T-={0,, 1, A} where A (x) = (n-1)/2n (n =
2,3,4,....... ), VxeX Let Y={p}.DefineS= {04, 1, p) where p: Y — [0,1]
is such that p(p) = inf {A_(x)}_,. Define

f:(X,T) = (Y.S) as f(x) =p, V x €X. Now,

F &) = pflx) = up) = inf (AR}, = » 4, (x). Thatis, £'(n) = 23
which is fuzzy G,. But f!(p) = 11_133 A, = 1/2, is not fuzzy open. Therefore, f is
fuzzy G,-continuous but not fuzzy continuous.

Definition 7. For any fuzzy set A in (X,T) define the o-closure of A, denoted by

cl A, to be the intersection of all fuzzy F_-sets containing A. That is cl A=~ {pel*/
pis fuzzy F_and p>2}.

Remarks if A is a fuzzy F -set, then c]_ A = A. Also A < cl A <clIA.
Definition 8. A Fuzzy set A in X is called fuzzy c-closed if A = cl A
Note A fuzzy F _-set is fuzzy c-closed.

Definition 9. For any fuzzy set A in (X,T) define the o - interior of A denoted by
int_(A) to be the union of all fuzzy G_-sets contained in A. That is mt_(A)=v(nel*/
uis fuzzy G, and p <)),
3. PROPERTIES

1. For any two fuzzy sets A and p of (X, T) we have

@) cl0=0

(i) A <p=clA<cl A

(i) cl [el (M)] = cl A.

(iv) cl (A v ) =clAveclp

(v) int (A A p)=int A A int_p.

(vi) For a fuzzy set A of a fuzzy space X, 1-Int (A) = ¢l (1-A) and 1-cl A =

int_(1-A).

L
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2. Let f: (X,T) - (Y.S) be fuzzy G,- continuous function. Then the following
statements are valid.

()  For a fuzzy set A in X, flcl_A] < clf()).
(i)  For any fuzzy set pin'y, cl_f1(p) < fi(clp)
(i) IfA e IVis a fuzzy closed set, f1(A) = cl_f1(2).

(iv) Let AcX be a fuzzy subspace of X. Then the restriction
f/A :(A,T/A) - (Y,S) is fuzzy G,- continuous.

(v) Iff(X) cZ Y, then the mapping g:(X,T) - (Z,R) restricting the
range of f is fuzzy G,-continuous.

3. Let A ¢ (X,T) be any non-empty subset of X. The inclusion map j ;
(A,T/A) » (X,T) is fuzzy G,-continuous.

4, Let (X,T) and (Z,R) be fuzzy topological spaces and Yc Z be a fuzzy
subspace of Z. The mapping h:(X,T) - (Z,R) obtained by expanding the range
of the fuzzy G,-continuous mapping f: (X,T) — (Y,S) is fuzzy G,-continuous.

5. An injective fuzzy open map is fuzzy G,.
6.  Any fuzzy closed map is fuzzy F_ but not conversely.

Example 2. Let X = [0,1]. Define T = {0y, 1,0} where M(x) = 1/2, V x € X. Let
Y =[0,1]. Define S = {0,141 } where BE)=Mm+1)/2n0=23,.)VxeX
Define f: (X,T) - (Y,S) as f (x) = X,VxeX Now. f(I-A) () =1/2, Vx e X.
This shows that f is fuzzy F_but not fuzzy closed in (Y,S).

7.  If g ofis fuzzy G, and f is bijective fuzzy G- continuous map. Then g is
fuzzy G,.

8. If(X,T) and (Y,S) are fuzzy topological spaces, and fis a mapping from
(X.T) to (Y,S), then the conditions below are related as follows.

(a) and (b) are equivalent; (a) and (c) are equivalent.
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(a) fis M-fuzzy G,-continuous
(b) For cvery fuzzy set A of X, f(cl A) <cl_f(}).
(c) For all fuzzy sets A of Y, cl(f'(A)) < f1(cl )).

9.  Let £(X,T)—(Y,S) be a mapping from a fuzzy space X to another fuzzy
space Y. Then if the graph g:X—>XxY of f is strongly fuzzy G,- continuous, f1s
also strongly fuzzy G,-continuous.

10. Let £:(X,T)—(Y,S) be a mapping from a fuzzy space X to another fuzzy
space Y. Then if the graph g : X—>XxY of f is perfectly fuzzy G- continuous, f
is also perfectly fuzzy G -continuous.

The converse need not be true. See example 3.
Example 3.
Let p, and p, be fuzzy set of I defined as
B0 =0, 0sx51/2

=2x-1, 1/2<x <1

and p(x) =1,0<x<1/4
=-4x+2,1/4<x<1/2
=0,1/2<x<1

Clearly T = {0, p,, 1, i,V 1,,1} is a fuzzy topology on I. Let S = {0,p,,1}.
Clearly (I,S) is also a fuzzy topological space and p,x W, is a fuzzy G,-set of the
fuzzy product space (I,T,) x (L,S).

Let f: (LT) — (L,S) be defined by f(x) = 1(x) for each xel. Clearly f-1(p,)=1 is
both fuzzy open and fuzzy closed in (I,T). We have g(p,xp,) = p, A F1(p) = .
Now p, is not fuzzy closed in (I,T) and hence g is not perfectly fuzzy G-

continuous.
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1. Let X,X| and X, be fuzzy topological spaces and p,:X, xX,—X (1=1,2) be
the projection of X, xX, onto X,. Then if £X —X, %X, 1s a fuzzy G,-continuous
mapping, p, f'is also fuzzy G -continuous.

12. Iff(X.T) — (Y.S) is fuzzy G,- homeomorphism, then
@) cl[F'(M)] = f'[c]_(A)] where A is a fuzzy setin Y.
(1) L [f(M)] = flcl_ (A)] where A is a fuzzy set in X.
(1) f(int_(A)] = int_(f(A)] where X is a fuzzy set in X.
(iv) fint (A)] = int_[f'(X)] where A is a fuzzy set in Y.
Definition 10. Let (X, T) be a fuzzy topological space. A fuzzy set A in X is

called generalized fuzzy F_if ¢l (A) < p when ever A < pand pis fuzzy G,. Itis
denoted by gf F . A fuzzy set A is called gfG, < 1-Ais gf F.

Remark. For any fuzzy F_-set &, c] A=\. So that a fuzzy F , setis gf F |
13. IfA and A, are gf F -sets. Then A v A, is a gf F_-set.
14. IfAisgfF andif A <p<clA,then pis gfF_.

Remark. However, the intersections of two gfF_-sets need not be gfF ,-Set as the

following example shows.

Example 4. The intersection of two gfF_-sets not generally a gfF -set. Let
X = {x,,x,,x;}. Define A ,A,A, : X — [0,1] as follows A=0A=T,

(%) =0ifx=-x.%

=kiles=x
Clearly T = {1, A,, A,} is a fuzzy topology on X. Define B, 1,0 X —[0,1] as
follows

px =0ifx=x,
=lhte=x o
px) =0ifx=x_.

=1ifx=x,x;. Itis easy to verify that u, and u, are gfF - sets but p A,
1s not gfF .
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15. IfAisagfF -setin X and if £:(X,T) — (Y,S) is M-fuzzy G,-continuous and
fuzzy F_ then f(A) is gfF_in Y.

Example S. Under fuzzy closed, fuzzy continuous maps gfG,-sets are generally
not taken into gfG-sets. Let X = {a}, y = {b,c}. Define T = {10 8=40_1
A} where A, 0Y — [0,1] such that A (x) = 1if x = b, A (x) = 0if x = c. Clearly
T and S are fuzzy topologies on X and Y respectively. Define £:(X,T) — (Y,S) as
follows f(a) = c,f'l(kl(a)) = A, f(a)) = A,(c) = 0. f is fuzzy continuous and fuzzy
closed. Now we shall show that f does not take gfG, sets to gfG,-sets. Clearly 1x
is gfGyin X. But f (Ix) = 1-A, which is not gfG,in Y.

16. Ina fuzzy topological space (X,T), T, (the family of all fuzzy G, sets) =
K., (the family of all fuzzy F _-sets) <> every fuzzy subset of X is a gfF ,-set.

17. A fuzzy set A is gfG,<> p < int_(A) wherever p is fuzzy F_and p<h.
18. Ifint (A) <p<Xand Ais gfG,, then pis gfG,.
Definition 11.

Let f: (X, T) - (Y,S) be a mapping from a fuzzy tonological space. X to
another space Y.

1. fis said to generalized fuzzy G,-continuous, if f1(1) is a gfF ,-setin (X,T)
for any fuzzy F_-set A in (Y,S).

2. fis said to be fuzzy ge-G- irresolute (f-gc-Gj-irresolute), if () is a
gfF -set in (X, T) for any gfF -set A in (Y.S).

3. fissaidto be strongly gfG,-continuous, if £1()) is both fuzzy G, and gf F_
in (X,T) for any gfG,-set A in (Y,S).

4.  fis said to be perfectly fuzzy gfG,-continuous, if f'(X) is both fuzzy G,,
and fuzzy F _in (X,T) for any gfG,-set A in (Y,S).

20. Let (X,T), (Y,S) and (Z,R) be fuzzy topological spaces and f:(X,T) —
(Y.S), g: (Y.8)—>(Z,R).
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Then the following statement are valid.

I
2.

10.

1.

12.

If f and g are fuzzy G, then g.f is too.

If £ is M-fuzzy G, -continuous and g is fuzzy G,-continuous then g. fis

fuzzy G,-continuous.
If f and g are M-fuzzy G,-continuous, then g. f is too.

If fis fuzzy ge-G-irresolute and g is gf G,-continuous then g.fis gf G-

continuous.

If f and g are fuzzy gc-Gy-irresolute, then g.f is too.

If f and g are fuzzy G,-continuous, then g.f is too.

If fis perfectly fuzzy G,-cectinuous and g is strongly fuzzy G,-
continuous, then g.f is perfectly fuzzy G,-continuous.

If fis perfectly gfG,-continuous and g is strongly gfG,-continuous, then

g.fis perfectly fuzzy gc G,- irresolute.

If f is M-fuzzy G,-continuous, and g is strongly gfG,-continuous, then

g.f is strongly gfG,-continuous.

If fis gfG,-continuous and g is strongly gfG,-continuous, then g.fis

fuzzy gec-G-irresolute.

If fis strongly gfG,-continuous and g is fuzzy gc-G,- irresolute, then g.f

is strongly gfG,- continuous.

If fis fuzzy G;-continuous and g is perfectly fuzzy G,-continuous, then

g.fis M-fuzzy G,- continuous.

4. INTERRELATIONS

For the mapping f:(X,T)—(Y,S), the following statements are valid.

1. f, strongly fuzzy G,-continuous =  f, fuzzy G,-continuous,

f, strongly gfG,-continuous,
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. £, strongly gf G,-continuous

. £, perfectly fuzzy G-continuous

f, perfectly gf G,-continuous

f, M-fuzzy G-continuous

f, weakly perfectly fuzzy

G,-continuous

f, f-gc-Gy-irresolute

=

=

f, gfG,-continuous,

f, M-fuzzy G,-continuous,
f, f-gc-G-irresolute,

f, fuzzy G,-continuous,

f, f-gc-Gy-irresolute,

f, M-fuzzy G,-continuous,
f, gfG,-continuous,

f, weakly perfectly fuzzy G-

continuous

f, fuzzy G,-continuous,

f, gfG,-continuous,

f, M-fuzzy G,-continuous,
f, strongly gfG,-continuous,
f, gfG,-continuous,

f, M-fuzzy G,-continuous,
f, f-gc-Gy-irresolute,

f, fuzzy G,-continuous,

f, gfG,-continuous,

f, fuzzy G,-continuous,

f, M-fuzzy G,-continuous,
f, fuzzy G,-continuous,
f, gfG,-continuous,

f, gfG,-continuous.
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Example 6.
Fuzzy G-continuity/M-fuzzy G-continuous #>
a.  Strongly fuzzy G -continuity
b.  f-gc-G -irresolute
c.  Strongly gf G,-continuity
d.  Perfectly gf G,-continuity
e. Perfectly fuzzy G,-continuity
£ Weakly perfectly fuzzy G,-continuity.

Let X = {a,b.c,}. Define T = {0x, 1x, A} where A : X —[0,1] is such that A(a)
=1, Mb) = Mc)=0 and S={0x, 1x}. Define f: (X,T)—>(X,S) as f(a) = b, f(b) =a, f(c)
= ¢. Now f'(1x), f!(0x) = Ox. Therefore, f is fuzzy G,-continuous/M-fuzzy G-

continuous.
Define a fuzzy set p : X [0,1] such that p(a) = p(c) =0 w(b) = 1.

(a) f is not strongly fuzzy fuzzy G;-continuous. For the set p, f1(p)(a)=1,
£1()(b) = 0, £1(u)(c)=0. Therefore £(w) = A is fuzzy G; but not fuzzy F_in (X,T).
Therefore, fis not strongly fuzzy G-continuous.

(b) fisnotf-gc -G, - irresolute.

cl p= 1. Therefore wis gfF_in (X,S) f1(n)(a) =1, F1(w)(b) =0, fl(w(c)=0,f
"(w) =2 cl fi(u)=cl A= 1« A But f(p)is not gfF . Hence fis not f - gc - G-
irresolute.

(c) fis not strongly gf G,-continuous.

cl,u= 1. Therefore, pis gfF_in (X,S). But £!(u) = A which is fuzzy G, but
not gfF_in (X,T). Therefore f is not strongly gfG-continuous.

(d) fisnotperfectly gfG,- continuous. For p, f1(u) = A is fuzzy G,in (X,T) but
not fuzzy F_in (X,T). Therefore, f is not perfectly gfG,-continuous.
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(e) fisnot perfectly fuzzy G,-continuous.

Let X = {a,b,c}. Define T = {0x, 1x, A} where A : X — [0,1] is such that
Ma) = 1, Mb) = Mc) = 0. S={0x,1x,A} where u : X—[0,1] is such that @) =0,
u(b) = 1, u(c) = 0. Define f: (X, T)—>(X,S) as f(a) = b, f(b) =a, f(c) = c.fi(1x) =
Ix, £1(0x) = 0x, f(u)(a) = 1, f(u)(b) = 0 £1(1)(c) = 0, £1(i) = A which is fuzzy
G, in (X,T). Therefore, f is fuzzy G,-continuous/M-fuzzy G,-continuous. But
for Gy set pin (X,S), £1(p) is not fuzzy closed. Therefore f is not perfectly fuzzy

G,-continuous.
(f) fis not weakly perfectly fuzzy G,-continuous.

Let X = [0,1]. Define T = {0x, 1x, A} where A = (-1)/2nforn=123,.. S =
{0x, 1x, A }. Define f: (X,T) — (X,S) as f(x) =x VxeX_ f! A) =4 V_ . f1(0x)=0x,
f1(1x) = 1x. Therefore f is fuzzy G-continuous/M-fuzzy G,-continuous. But for

fuzzy G, set 52 A =12 in (X.8), £ (521,,)=1/2 is not fuzzy open in (X,T).
Therefore f is not weakly perfectly fuzzy G,-continuous.
Example 7.
gfG,- continuity #>
(@ fuzzy G,-continuity
(®) M-fuzzy G,-continuity

Let X = {a, b, c}. Define T = {0x, 1x, A} where A : X—[0,1] is such that
Ma)=0, Mb)= M(c)=0. S={0x, 1x, u} where B : X—[0,1] is such that p(a)=0,
r(e)=1, p(b)=0. f: (X,T)—>(X,S) as f(a) = a, f(b) = ¢, and f(c)=a, f1(1-w)@) =1,
£1(1-p)(b) = 0, f1(1-p)(c)=1 and cl_f1(1-p)=1. f1(1-p) is gfF,in (X,T). Therefore,
fis gf G,-continuous.

a. fis not fuzzy G,-continuous

For the fuzzy open set p, £1(p) = (0,1,0) is not fuzzy G,. Therefore f is not
fuzzy G-continuous.
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b. fis not M-fuzzy G,-continuous.

For the fuzzy G; set p in (X, S), £!(u) is not fuzzy G,. Therefore f is not M-
fuzzy G-continuous.

Example 8.
Perfectly fuzzy G,-continuous =>
(@) f-gc-GHirresolute
(b) Strongly fuzzy G,-continuity
(c) Strongly gfG,-continuity
(d) Perfectly gfG -continuity

Let X = {a,b,c}. Define T = {0x, 1x, MM, } where A : X—(0,1) is such that
A (@)=1, A (b)=1 and A,(c)=0 ; A, : X —>[0,1] is such that A(@) =1, A,(b)=0 and
A,(c)=0. Define S = {0x, Ix, X Y l : X—[0,1] is such that A (@ =1, A, (b)=1 and
A,(c) =0. Also define f: (X,T) ——)(X T) as f(a)=a, f(b) =a and f(c) =b. £ 'A)@=1,
F1(A)b)=1, f1(A,)(c)=1,and £ '(A,) = 1x which is both fuzzy open and fuzzy closed
in (X, T). Therefore fis perfectly fuzzy G,-continuous. Define p : X —[0,1] as pw(a)=1,
u(b)=0, and p(c)=1.

(a) fisnot f-gc-G-irresolute.

cl, (w) = 1. Since p is not less than any fuzzy G, sct other than 1, p is gfF_in
(X.S). fl(u) (@)=1, f'(n) (b) =1, f() (c)=0, and cl fl(u) #1« A,. This shows that
“(w) is not gfF_. Therefore fis not f-gc-G sirresolute.

(b) fis not strongly fuzzy G,-continuous.

In the above example, f!(u) = A, which is fuzzy G, in (X, T) but not fuzzy F_in
(X.T). Therefore fis not strongly fuzzy G,-continuous.

(c) fisnot strongly gfG,- continuous.

1- p is gfG in (X,S) but f1(1-p) is not fuzzy G, in (X,T). Therefore f is not
strongly gfG-continuous.
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(d) fis not perfectly gfG; - continuous

1- p is gfG, in (X,S) but £1(1-p) is not fuzzy F_ and not fuzzy G, in (X,T).
Therefore f is not strongly gfG,-continuous.

Example 9.
Weakly perfectly fuzzy G,-continuity #>
@) f-gc-G,-irresolute
(b) Strongly fuzzy G,-continuity
(©) Perfectly gf G,-continuity
(d) Strongly gf G,-continuity

Let X = {a,b,c}. Define T={0x,1x,A} where A : X =[O0, 1] is such that A(a) = 1,
Ab) = Mc) = 0. Define S = {0x, 1x}. Also define f: (X, T) > (X,S) as f(a) = b, f(b)
= a, f(c) = c. f1(0x) = Ox and f'(1x) =1x. Therefore f is weakly perfectly fuzzy G-
continuous.

a. fis not f-gc-Gy-irresolute

Define p : X —[0,1] such that p(a) = 0, p(b) =1 and p(c) = 0. cl_p=1. Hence
pis gf F_in (X,S). But f(u) =A, cl_f'(u) = 1> A,. This shows that £1(p) is not gfF
in (X,T). Therefore f is not f-gc-G,-irresolute.

b.  fis not strongly fuzzy G,-continuous.

For the set pin (X, S), £(p) is fuzzy G, but not fuzzy F_in (X, T). Therefore f
is not strongly fuzzy G,- continuous.

c.  fis not perfectly gfG,-continuous.

f1(u) = A is G, but not fuzzy F_in (X,T). Therefore f is not perfectly gfG,-
continuous.

d. fisnot strongly gf G,-continuous.

f1(n) = M is not gfF _in (X, T). Therefore, f is not strongly gfG,-continuous.
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e.  Weakly perfectly fuzzy G-continuity #> perfectly fuzzy G,-continuity.

15

Let X = {a,b,c}. Define T = {0x,1x,A} where A : X—[0,1], is such that A(a)=1,
A(b)=A(c)=0. Define S = {0x,1x,p}where p : X—[0,1], is such that pu(a) = 0, u(b) =
1 and p(c) = 0, Define f: (X, T)— (X,S) as f(a) =b, f(b) = aand f(c) =c, f(1x) = Ix,
£1(0x)=0x and f'(n)=A. Therefore, f is weakly perfectly fuzzy G-continuous. For
the fuzzy G, set p in (X,S), f'(p) is fuzzy open but it is not fuzzy closed in (X, T).

Therefore f is not perfectly fuzzy G-cintinuous.

Remarks

From the results proved so far, we have the following table of implication. In
the following table a,b,c,d,e,f,gh andi denote fuzzy G -continuity, gfG,-

continuity, fuzzy gc-G-irreselute, strongly fuzzy G,-continuity, perfectly fuzzy

G,-continuity, strongly gfG-continuity, perfectly gfG,-continuity, M-fuzzy G,-

continuity and weakly perfectly fuzzy G-continuity respectively. Also 1 denotes

'implies', 0 denotes 'does not imply' and - denotes 'not known'.

= a b
a 1 -
b 0 1
c - 1
d 1 1
e 1 1
f 1 1
g 1 1
h 1 1
i 1 1
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