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ABSTRACT

The aim of this paper is to establish the existence of solution of certain
nonliear integrodifferential equations in Banach spaces. The results are
established using the method of anal),tic semigroup and the contraction mapping
principle.
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l.INTRODUCTION

Dhakne and Lamb [3] studied the existence of g1oba1 solutions ofnonlinear
integrodifferential equations of the form
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, (r)* AxQ)= .F(,,*Q),1,,o(r,r)g(r,rfu)h'r) t efr,1,f

r(lr) : ro Q)

r,vhere - A generates a strongly continuous semigroup of bounded linear operators,

a:ft.,,tr)rlto,tr)-+R,f:lt,,,tr)xxxx-+x,g:fto,tr)xx-+XinaBanachspace
X and xoeX. The results are obtained by using the Leray-Schauder Alternative.

In this paper \ve try to establish the existence of global soiutions of the above

noniinear integrodifferential equations in r,vhich - A is.the infinitesimal generator

of an anal,r4ic semigroup and the results are established by applying contraction

mapping principle. The problem of existence, uniqueness and other properfies of

the special forms of the equation (1) has been studied by many authors using

different techniques I I-5,7].

2. PRELIMINARIES

Let - A be the infinitesimal generator of an analytic semigroup (r), on the

Banaclr spaceX. The operator A" canbe defined for 0 < a<1 as the inverse of

the bounded liuear operator

A,o ==L l" f ,T(tpt
r(a')*

and A" is a closed linear invertible operator with domain D(A"') dense in X' The

closedness of ,4" implie s that D(A") endowed with the graph notm of A", that is

lllrlll = llrll+ll,4"rll, is a Banach space. Since,4"is invertible its graph norm lll.lll is

equivalent to the norm llrll,= ll,4"xll. Thus, D(A") equipped withthe norm ll.ll, is a

Banach space which rve denote by X o Fronr this definition it is clear that O<a<B

implies X,=Xoandthatthe imbedding of XrinX*is continuous. Forruore results

on fractional por,ver operator one can refer [6].

Assumption (F) : Let U be an open subset of R*xX**X.. The functionf.U-+X

satisfies the condition : if for eve4, (r,x7) e U there is a neighbourhood VcU and

constants Z)0, 0<v<1 such that

- *rll,* lly, - yril") (3)

for all (t,,x,,y,)eV- i = 1,2.

(1)

llf Q,, *r, v) - f Q r, *rv r\l = 
tfrr, - t rl" + llx,

I
I

:

ili

ili
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Further lve assume the following conditions :

(r) -1 is thc infinitesimal generator of a bounded analytic semigroup of
linear operator I(l), satisfying llf(0ll 1M, where M > 0 is a constant,
0e p(-A).

(ii) a'. ft*tr) x fto,ttl-+R. is Holder continuous in l, s andthere exist
constants C?0, C2>0 ard 0<0 <1, such that la(f,s)l < C, and

la(t,r) - a(s,t)l < C rlt - slo .

(iii) g : lt o,trl xX -+ X is continuous and there exists a constant C3>A, C 4>O

such that 1lg(t,xr)-t(t,rr)ll < Crllxr-xrll*and llg(r,r)ll < C4.

3. foIain Results

Theorem 3.1 : If 0 < a< 1 and/satisfies the assumption (ff afi (l) - (iil) then
for every initiatr data (to, r0, y0)€ (J, the integrodifferential equation (1) has a
unique loca1 solution ue C(lto,tr) : E n Cr ((r*tr) : X).

Proof : From our assumptions on the operator,4 it follow s that llA"T(t)ll < c,t-.
for I > 0. Forthe rest oftheproo! we frx(to,xoJr)eU urdchoose tt > to,6 > 0 such

that the estimate (3) with some fixed constants L and, v holds in the set
Y = {(t,x;):ro< t <t:,llx-xoll*< 6}.LetMt: maxl!/(t,xo,0)llandMr= mctx

lls(r,ro)ll and choose 't,' such that

iirA-to)A*xo - Ao*0i1. * ar t, <t <t, and

I
t', - to"l *, -' (r- a)t a ,

l'
0<4*r..rrir{

r)

. (t +c.c.) '[r * LM ,c, + M) 'l- 
L\' '"r-3/ [' ra(l+c,cr)_] I I

Er.--*--
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Let Ibe the Banach space C([1,,t,1:4 withthe supremumnorm w'hich we denote

bV ll ll, Define 1.". Y-+Yby

r(y(t))=T(t-to).4'ro+1,'," A'TQ-r)r(r,,+ -,rG)J, o(r,r)g(r.,a-" v(r\pr)a.,).

Clearly ,Fmaps l'into itself and for every yeY, tty(t) = Aoxo.

Let ,S be the non-empty closed and bounded subset of I defined by

S : {ye Y . y(rn) = A" xo,lly(t) -,4'roll 3 5}.

Forye S, r,ve have

llry(,)- o"*,ll

.llr(, -to\"*o-o"*,ll

*lll," u", Q-,[ r(,,, -" /(,) I. o(,, 4 gQ,.a- ", G)h ") -rt", * o)] r, 
I I

A"rQ - sp,

.llf,, d" r Q-,),/(,,,,, o)r,ll

. ;. lll: 
A"rQ-,)ll[,(pr,) - e.

- s G,*o)+ eG,*,))b, l|)]-.

= X 
* I, llo"rQ-,)lltza + LC,C,

.s,

T

r
2

"(

,A4

'lll,

lll:

- LC,

ll.

'll
+

M1

,6r

dls

M1

'"rk)))

I

G,,

tV,

',A.

Hrl

W

=** c,Q- o)'k, - t,l-"VaQ * C,C,)+ LC,M, + M,l

= 
! *c, (r - o)-' Q, - r o)" L6 (t +",* 

{, 
. ###l

<r.

di

!

tu
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Therefore, F:,S+,S. Furtherm ore,if y*yre Jthen

llFy,(t) - Fy,(r)ll

=llf,, d"rQ dr,iljj[ r(s,.t-'y,1,)1, ,G, ,)sG,A-"y,@b)

- f(r,,a-" y,(r) J" o(s,, )gG, d-" y,G)kr)] 
ll

=ll[', .t" r|-,U,ljrh - y,ll,* (c,c, )lly, - y,l,\

< c" (1 - o)-'Q, - 4l-" rlfi, - y,l;(r * (c,c, ))

= 
1[, *l t!.'', * u,11'
2L Latrffi]] 'tY'-Y'l)'

1,,( 
-iirr - rr ll

- 2))tt '/ 2t'Y

rvhich implies

llpy, 
_ Fy,tt <f,ilr, _ ,,u,

By the contraction rnapping theorem the mapping F has a unique fixed point

"t,e 
S. This fixed point satisfies the integral equation

.rQ) = r Q - t,)A xo + 
1,. 

s" r (t- 
")f(r,,r " r(r) i, rb,r)g(r, r" r|)h, )rr) (4)

for lo ( I ( tr. From (3) and the continurtl, ofy it follows that

t -+ f (t,,q-" yQ),|,, ,Q;)g(r, o'" ,G)hr)
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is continuous on [1,,,1,] and a fortiori bounded on this interval' Let

llr(,,u-"rp),f, 
oQ,ig$,rr(iV,)ll. 

", 
for to tt!t,

Next lve rvant to show that

(5)

t -+ f(t,t"yQ),f,, oQ,r)s(r, o-"r@h')

is locall.v Holder continuous on (lo, /, ] . First u,e shor,v that the solution y of (4) is

locali1, Holder continuous on .(lo,/rl. Note that for every B satisf-ving 0<p<1-a

andevery0<h<l,wehave

ll(r(a) - l.t"r Q-,)ll. c ottollt". 
lr(, -,)l < chl(r - sf(".rt

If ro< t<t+h<t,then

llyk ua)-y(r)l

< ll(r(a)- r)e"rQ -,,),,11

-1,' 
llt, 

Qr)- t),s"rQ-,)/[,,.'{ '.u(s}1,: ,(,',)g(.' ,t * v(r)),,)d, )

* l.' lle"rQ 
+ n - s)t'rQ - $(, ,,t-"rft) l, ,(, ,4gQ,.a* ,d)hr)l!')

= I,+Ir+1,

Using (4) and (5) r,ve estimate each of the terms of (6) separately as

I, <CQ - ru)-r"-tt r'llr.ll. MrhP

I,<cNhP f (r- s)-@*o)*.M,hP, Jtn

Ir<NC,l,*n Q*h-r)-" =!9nh'* sMrht

(7)

(8)

(6)

(e)

'.',..{
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NotethatMo andMrcan be chosento be independent of te lto,t1)whtleM3depends
on I and blor,vs w at t J ro . combining (7)- (8) and (9) with these estimates it
follows that for every /0 > ro, there exists a constarrt.Musuch that

llv(,)-/(,)i< *,\, - 4o) p ta < t'o < t, s s /,

and therefore y is locally Holder continuous on (to,l,l. The local Hoider cor*inuity of

t -+ f(t,,1-" yQ), l,,o(r, r)s(r, A* y(t)bt)

follows now from

lir(, 
t " rP), 1,, oQ, 4sb, A-" y4)h,)

- r(', A-" yG), l:, o(r, r)g(r,.4 " r(ihr)ll

,L(o-,1"*ilyit)-y(,)i*l[.,va,"l-,$,,)lg(r,.a"ya)h,ll

.lll. 
"f,, 

,)sG,A " yG)h, - t, ,G,,)rQ,o-" r1)hrll

. ,(, - sl'' + Mui, - 4o + c,co)t- rl'(r, - rr)* c,c.(, - r,

= 
r(, - il' + M ul, - ri' + ]r - sl' lc,c*Q,-r,)* c,c-)]) o <rt <r

. K(, -,1' * l, - 4o * lr- r')
for some positive constant K > 0.

Lety be the solution of (4) and consider the inhomogeneous initial value problem

ftnx*.-.-.
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x (r)+ 1x = y(t,A-" yQ),!:, oQ,ig$,,a-" y$)b, t eft,;,1 (1 0)

r(/n) = xo.

By Corollary 4.3 .3 . of [6] this problem has a unique solution of re C1((ro, L,l : D
is given by

*Q) = r Q- ro )ro * !,,, Q - r) 1(r,,t-"/GU; o(r,d gQ,,a- " yGVihr) . t u I

For I > to eachterm of (11) is in D(A) and a fortio rr in D(A,)we find the given

equation becomes

A"*Q)=TQ -to)A"xo

+ 1,, ,a"rQ - rfi(r,,a-"/G)1,, o(r,r)gQ,,a-" y(rp"))ar. 02)

But by (4) the right hand side of (12) equals y(t) andtherefore x(t) : 1-"rrt) and

by (1i), r is a C|(Uo,tJ:X) solution of (i) - (2) The uniqueness of x follows
from the uniqueness ofthe solutions of (a) and (10).

Now we establish the global solution of (l) - (2).

Theorem 3.2 : Let }ep (-A) and 1et -A be the infinitesimal generator of an

analytic semigroup T(t) satisfying llf(rll <Mfor t> 0.Letf : f},a) xX.xX*-+X
satisfy (F'). If there is a continuous nondecreasing real valued function fr(r) such

that

llrQ,,,L 
aQ,ig$,.a "/GD,)il= rr,X * il,lL) ror t, o, x e xo

then for every (x,,"]ro) ex ,, the probiem ( 1 ) has a unique solution x which exists

forallr>0.

tu _@*{t
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Proof : Applying Theorem 3.1 we can continue the solution of (l) as long as
ir-(1)iid stays bourLded. It is therefore sufficient to show that if x exists on [0,b)

rren llr(t)ll,is boundcd as rt&. Since

A"rQ)= A"r|)xo+ [' ,rrQ-r[(r,r(r)f, ,,(",r)s G,.GVrV"r)

t follows that

Il,(,)l, < tvtll,a" *,ll. r%-: + r,(np. [, (, - ")-, [Ft )l, * 1)k,

hich iraplies that ilr(011, < C on [0,0). Hence the proof.
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