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AssrRacr

We present here a theoretical solution of the mathematical model
for simultaneous diflusion and mass flow to plant roots, given by P. H.
Nye and J. A. Pspiers, [ 1964] in the following form :-

| *l''"#*,,',"f:L#
under the assumption that C':C. P. H. Nye, (1964) gave the solution

under the assumption thar#:0 lconstants involved are defined on

paee (36) I.

1. lntroduction ;

The greater part of the substances entering a plant root have to
move to the root surface either by diffusion, or by mass flow in the solu'
tion sucked towards the root by transpiration. Both processes usually
occur together, and their relative importance varies widely with such

lactors as the diffusion co-effi.cient of the snbstance, the rate of trans-

piration and the geometry of the root. Substance of interest include
not only nutrients, but also pesticides, toxins and stimulants.

Bouldin, t 1961 I had discussed theoretically the diffusion process

on its own. Passioura, [ 1963 ] has treated simultaneous diffusion and

mass flow by regarding the two processes as occuring separately and

adding the results together to give the total flux. However, if in fact
the medium is flowing, the standard diffusion equations are no longer
strictly applicable. In addition, the equation ( Bouldin, [ 1961 ] ) he

quotes for difiusion applies only to a constant concentration at the

absorbing surface, a condition that is not fulfilled. The problem is

usually presented as though it were possible to assign a contribution
from difiusion and another from mass flow.
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P. H. Nye and J. A. Spiers, (1964) showed that in general this

separation cannot be made since the two processes interact. They

assumed that :

(a) there is a linear relation between the concentration of subs-

tance in solution and its total concentration in soil, over the

range of concentration in which we are interested'

(b) the absorbing surface of the root may be approximated by

a cylinder whose surface lies near the tips of the root hairs,

and lor the present argument we neglect the substance within

the root hait zone.

(c) the rate of uptake varies as the concentration in the soil

solution at this surface'

They were interested in knowing the pattern of accummulation or

depletion around, the root that appears at successive intervals of time

arrd how much substance has been taken up by the root element' They

solved the Problem, i.e.

t, 
#ro',#*r"r"c1:lf,

under the assumPtion tt'uta#:O

astheycouldnotdiscoveranygeneralsolutiontothisequation.

They got the solution as

C:ct;,no (ff' 
1

where

v loto, -*D;-

and fi:Yt*

under these assumptions they noted that c>c; if y6>.k corresponding

to *."orrrutution and ClCr it yslk correspondinglto depletion (At the

root surface C":Cuu-t')' Here, in this paper' we try to give a theoretical

solutionoftheproblemunderunsteadystatebutrviththeassumption
that

C' : C and therefo te D' : # O -- o

where D' is the apparent diffusion co-ef0cient'



SIMULTANEOUS DIFFUSION AND

2. Mathematical Statement of the

L ll or5+r" ," cf:*
I orL ct J u.

under the conditions

To PLANT RooTs-II 13

. (r)

MASS FLOW

Problem :

C:0, r:ct, r:0
C: A' t:ct, 

'>0C:As, r:b, r>0

3. Solution of the Problem :

On differentiating (1) reduces to

o3ff+fo+r+ror)l#:#
or

azc.Alac lac
_L0r2'Dr0r DAt

where A: D+.yo ro

Taking L. T. of (6) and using (2)

dze , A dc .s-
ffi+frfi -=rc:o'

*:", E:Q2:uz (s:t or P).

general solution of (7) can be written as

e :rfc,x, (qr)+c, r, @nf

. D_Awnere y: ZO 
.

Making use of the conditions (3) aud (4)

n -la,@)l"r_w@
,r:rrlP*l

where Qr@): Ar\Y x, {au) -,l rKr(oa) b-Y

,t1il:A$*v IyQb)-A2 b-v Iy(ga)

5

Let
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(3)

(4)

(5)
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(e)
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(7)

(8)

' (11)

(12)



s L 

-a,gl 

I
c is now determined by the Laplace inversion formula. The integral
is'la single-valued function of 2 with a simple pole at (S):0 and simple
poles at ): -Danz or p: ia,, where ttn are the roots (all real and

( l5)

(16)

limit

sjmple ) of 1 
r@a)K y(tb) - I y(tb)Kr(<a) 

: 0.

On differentiating Qr(q) and evaluating at p:i4,,,
9 r(i+n: dlt'r{i<^a)Ky(i4*b) - Iy(i4*b)K' r(i<-d)

+ blr 
,Q*^a)K' 

(ia,b) - I,y(i{.nb)Ky(i*,r)].

The residue at the pole at i:0 ii obtained by taking the
1--r0 of SC. Thus we have it equal to

,rl (,q,o , rbv_1_4--!:b*\ rq')?
| \ (qb)Y (qo)v /zY r]+y)

-( .t,o-t @u)? -u.t-'/tqolv \Il(izt-'-\ z1'r0+i z7r!+il/ @r)7 _,t

Lt I @dY f@))r-t _ (qil, r(ilzv-, 1
,1+01 - " l"-"lzyr1+i Gb)y zyr1+D @a\y I

_l(1, - l,) ,2v -(l.,b2v - 2." o2\f
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Q,@) : I y (qo) Ky (qb) - I y (qb)K, (aa).

', rtg2r -62\
For calculating the residue at other poles we would

do,l
-i.Tl : _ D4n,

:* u4E"l"' dp I p:i<n
. d6^:-i4ni=.

A4,n

that

I l rQ 
on) x 

r{to 
<1 - K, .(ia<) r y(ib <)7

: -Tlrrr^) Y y(b <) - r r@ <) rr(b4 f

(13)

(17)

( 18)

flnd out

Noting

(le)
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ftlt ra o Y r(b <) - Y r(a <) t, (b <) f
: a J' r(a <) Y,,(b <) * b J r(a *) Y' 

1,(b 
<)

* a.Y'r(a<)Jr(b<) - bYr(a*)J' ,(b<)

J 
^,(aa) 

Y 
^,(a{)

qrr:-{,16:u
Thus (20) becomes

:nt<ll (tu.\ Y' (bt..\-.1'- Lly(b<r\ 
Y' 

,{b<r) - J' ,(b*)Y r(r*r)]

- fllt r{r*,1 Y' y(a4 t) - J' r(a <,) r r@x,)]

2 lr. l\- 2 J2v(d41)-J'r(bx')
: 
"*,\*- Kl: "^, igt; Jy(bu-'

Also

lO ,{t)r ,tur) - ,! ,(q) x 
,(t,)f 1, : i*,

+ A z b -,]-i{r r* <) Y 
r(r 

<) - r Sa 
<) t 

r(r 4}f

using (19)

Thus the residue at 7: - D4nz

:, - D < 
^? 

t 
lo * -, (- ;) {t ru 

<,) y 
y(b 

4 
^) - y 

r(r 
< *\ r 

r(b 
<)\

Rr ,i,TS-_I

(23)

(24)

(2s)
J 2 (a<,)- J 

12 
(b<n)

J 
,la<*) 

J y(b4")

y&-'( )V*.r,,r"r-r*
[L*'*{r,})r:,n.: (-)}

care of (18)

(22)
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or

, 
* o * n, tfr,t * -, (-;l, f r<r 

*l r 
r(b 

4*) - Y 
r(r 

< *) / 
u@ 

<il

+ e,o-v {(-Tl I r@ 
<,) r 

r(r 
<-) - r r@ 

dI r0 
< -)\7

l*Fil(*fffi,#
usins (23). Q6l

Using the inversion formula

,-- | T*'* 'u.,^'70'@'5@"::'(il-8l-i <,,1"-2oiI-,*T I Q,@) lo,
C-sum of (26) and (17)'

The steady-state solution is given by equation (17) only'

List of Nomenclatures used

C':Concentration of substance in soil.

C :Concentration of substance in the soil solution'

Co : Concentration of substance in the soil solution at absorbing

surface.

to:Inward radial velocity at absorbing surface'

cn : concentration of substance in the soil solution initially.

ro : Radius at absorbing surface.

/o:Outward radial flux of substance at the surface'

k: IolCo

yoro :The measure of radial flux of water.

/r(x):Modified Bessel Function of the first kind of order'

Xr(x):Modified Bessel Function of second kind of order.
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