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Asslnacr

Here we define a new sequence of linear positive operators by

modilying Sz6sz operators with the weight function of Lupas operators

on Z, [ 0, * ), the space of integrable functions def,ned on [ 0, oo ) as

(G,,sf)(x):(,r-l) 3 r,,, r @ T P^, *(y)f(x*y) cly,
r=0 0

where pn, n(v):e-nu (# uru tt,, t (i:(*f;:1) r'(l+r)-'-r.
The present paper is a study of some results on approximation by

these operators. In brief, we quote a few results as follows :

Let d'f (x+t)ldt' be continuous on 10, a ), d'(Gn, t J')Q)ldt'
converges uniformiy tolf{rl(x+l) on [0,a] and if / is continuous on

[0, * ) then

ll (G,, t f )@) -.f (x +d) llc r 0,,, < {, *'tUtffi$3(il-+ 1)4' ) 
}

,o(f ; n-' /2), where o\f ;.) is the modulus of continuity of /.
Further, we prove that if f , L, L 0, * ), G,,, , f converges almost

everywhere to /.
Introduction

Singh [ 1982 ] and Lupas IPapanicolan ( 1975 )] had defined farnilies

of linear positlve operators mapping C[0, oo ) into C[0, oo;, the class of
all bounded and continuous functions respectively as

(S,,, , /)(x): r!, ,-"' % t(.*?r) (t.l)

and

(L*, 1f )(x): ri,(iX1)rr(r+ O-"-rt(.+f;), e.2)

where t ; xe [0, oo ) and x is flxed. .
Motivated by the recent work of Derrienic [ 1981 ] on modified

Bernotein Polynomials introduced by Durrmeyer [ 1967 ], we define a new
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family ofl positive linear operators, by modifying S\a'sz operators with
the weight function of Lupas operators, for functions integrable on

[0, oo) as

(G^, , f)(x):(r-l) ,,2, on, ,.U) T Pn,,,

where p,, p (N)-s-nr (S 
uoa ,,,, n$:("lfi]1

(y) f (x+ y) dy, (1.3)

rr(1 -f v)-n-r.

In the present paper, vre study some resuits analogous to those

in [ 2 ] on approximation by these operators.
Throughout our discussion, the superscript ( r ) and ll . li stand for

the rth derivative of the function involved and sup norm on [ 0, -
respectively.

2. First, we prove certain lemmas which wili be used in the sequel.

For m:NO ( set of nonnegative integers), the mth order moment

of the operators in (1.1) is deflned by

Li,,r,r,(t): 
t5 

rr,,., ,(t) ll!-r\"'1o "'' ' ''' \n I

Lrrtrta. 1. There holds the recurrence relation

t't{Jn,;,, r r(,):,1[J',t,' ,,(t)*mU ,,,,, -,(r)J.

Proof. It is easily observed that

, p',i,t r!):(k -nt) p,, ,r(t). (2'l)

Hence the result.
Consequently,

{a) Uu,,,{t) is a polynomial in r of degree 4rz ;

(b) U,0,,,,1t5:o(r-["'j']), where [;r] stands for the integral part\ /'
of x.

LBun,t 2. The operator (G'., t f )(x) is a linear positive operator

which maps 1 into I and transforms a polynomial of degree m into a

polynomiatr of degree la.

Proof. Clearly, the operator (Gn, ,f)(x) is linear, positive and

maps 1 into l.
To pove the last assertion, without any loss of generality we can

consider the polynomial as /(y) :(y-x)"'. Since

T 
P 

^,,,(v) v"' ar :@tJfi)9* 
-!,, 

2) t,
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we have

(G u,, (y - x)* )(x) : (n- I ) r!, P 
^,,, 

(r) @t l;l,l 

19: ff ; 
q!

-(n-in-2\l 3 0,,, ,,1q !1!+l'l ).
1n- 11 I r=o lc 1.

For all /, y e [0, oo )

9l-U,, e-,'\!-,)):S p-,.1(ntY (m*k\1 . Q.3\di't' Eo" kl kl

Applying Leibnitz theorenn in the left part af (2 3), we get

-3r(i) T r'ni e-il' (u=tt. (2.4)

Replacing y by t in (2.3) and (2.4), it follows that

r{oP,',rg1(mtk)t--ri r'il # ,'n'' Qs)

Now, combining (2 2) and (2.5), we obtain the required result'

Further, we observe that

(G,,,,(y-x-t))(i:* V 
op,,.,r 

(r)(/r* t) -,:4-,

:(!.+2!,). e.6)' (n-2)

Lnlrlra 3. Let the mth order moment for the operators (G,,,rf)(x)

be defined bY

Tn,,,lt):(r-f) 3 p,,,t(t) f P,,,,,(y)(y-t)^ dy.
k=O 0

Then
(r)

(n - m - 2)T u,,, + rttl : (m * 1)(2 t + I ) f,,,,,,(t) + t 7,,, ;,,, (t)
+mt(z+t)7,,,,^-t(t). (2.7)

Proof. Using (2.1), we get

(r ) co 'n
tT,,,,,',,(t):(n-1) :(/r-rut)p,,,rQ) I P,,,t(),)(y- t)''dy-mtT,,,,,,,,-r(t)

fr=o 0

@@:(n - 1) 2 p,,,,rU) | (lc-ny)P,,r(1,)(I- t)"' dytnT,,,,,*r(t)
l=0 0

-mtTr,r,,,-r(t)
@ 6 (1): (n * L) 2 p,,, i,(r) J y( I * y) P 

", r,)(y - t)"' dy * nT,,,,,* r(t )tr=o 0

-rut Trr,rn_r(t)
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6X:(ti- l) : p,.r,(t) -1" {t.r - r,: - l: - :

(1)

P,,,r (y)(y-t),,,dy+nT,.,,.rr(t)-mt T _._ :

: -(m*2)7,,,n,*r(t)-(2t+ 1)(m + 1 if . :

-mt(l +t)7.,,.,,,_L(t)+nT,. ., (r)-n:.' 7- _-- :

Hence the lemma.

From (2.7) we conclude the foliowing :

(a) 7,,.,,0(t) is a polynomial in t of degree rn :

(b) T,,,nU): o(,r-[=]11 ) ; and

(c) Tn, rQ) -6(n* l)t'z !2(n + 3)t+2-ffi'(inrieu oi'l
LeNrr\aA.4. There exists the polynomiais q,...i,.:i ,-:-:e::.:

n and k, such that

t,L{e-"r(nt)o}: >- ni(k-nt)iqi,j,r(t')e-":lii{ i;.dt,, ,,,ir,o.J_

The proof of this lemma proceedes exactll'on :..: -::, -.::

of a result by Lorentz I Derrienic (1981) ]

3. Tnnonnu 1. Let fe C(0,.o), then

l, (G,,til@) -f(x + t)lt< { I + 2'?( I + (j:+ 3lg,+ -1rli-lj, *\,
s:[@)-J 

o1i ' "'

where o(f ; .) is the modulus of continuity of f.
This theorem can easily be proved by using Lemma 3(c) and

following a result due to Mond (1976).

Tsronrru 2, Let f be integrable on (0,co) and /ttr. C[Oral.
Then

ll(G ",, f )(x) -./(x + t ) I I 
( T 

"{il 
f c ) 

ll * 2a ( f t t t' 7,,11,

where 7o:llG^,t(!-x-l)'9(x)ll1/'? and r,;(/(1); .) is the modulus of conti-
nuity of /rr).

The proof of this theorem, being on the lines of that of Censor

(1971), is omitted.

TsBonalr 3. Lel f be bouirded and integrable on [0,co) 2nd /tz)
exists at a Point x*t e [0,oo), then

lim nl(G",tf)@)-f(x + r)l:(l *2t)f ([t(xlt)+t(t+3)ftz).xf /).
n@

Further, this limit holds uniformly if ftzt it continuous on [0,a].
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Proof. By Taylor's expansion

"f 
(y) : f (x + t) + (y - x - tylr r I (x * / ) * tt-7-0: 

7rz ) (x * r)

{e(y-x-t)(y-x-t)r,
where e(y-x-l) is a bounded and integrable function on [-x-l,*1
tending to zero as y->x+t.

Using (2'5) and Lemma 3(c), we have

nl(G",, f)(x)-f(x+t)l
:"\'llli\t r (x* 

',*etu*r'<)1,-tri{{!},\'Y./' 1x rr;}
! E(n, t),

where

E(n,t):rl(n- 1) :, pu,r,(t)f ,,,,r(r)e(y-t)(y-tf ity. (3.1)

Therefore to prove the result it is sufficient to show that E(n,t)->O,
as n->oo. Since e(y-t)+ 0 as y+/, for a given e)0 there exists a

d)0 such that le(y-t) I <twhenever 0< ly-, l<d.
Let 6u(y) be the characteristic function of .ve (t-0, /+d)'

Then

:1, + I, Gay).

Evidently, in view of Lemma 3(b)

Ir<en(n-l) 3 p,,, rO T P,,, 1,(y)(y-t)zclyk=o 0

-e.0(t)
and

I,4M n(n-D 
f_or,,, ,O tr 

p,,, o(y)ttulYat ; q gnteeer))2

:0(r,-(?-1)), M:sup I e(a) I .

ue f- t, a1

combining the estimates of .I, and Ir, due to the arbitrariness of e)0
it follows that E(n, r)+0 for sufficiently large n.

To prove the uniformity assertion, since/t:) is continuous on

for all d>0

ln6,qi *rr- 1) 
,?. 

p^,r,(t){i ,*,rU)" U-t)lar1)1-1,dt

* 
d* 

P*,rO) 
l" 

rl -,] Q - 6uQ)Q - tl' ctyl

: [0, c], we have

I u(y-t) | 4ro1.1tzt ; I y-t I )<(r.t.-L5Uf )e)(f 
e);6)

l'
I
I

t
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using the above inequality in (3.1), we get

I E(n, t) | (n(n-l)ro(,f(,); d)i 3 p,,, r,(t) T ,,,,, ,(yj(y-t),clt,
h=O 0

IOOcO
+; ,:o p,,, ,(t) I p ., ,(y) | y-t'di
:1:*1, (let).

Let us estirnate .I, first.

Application of Schrvartz's inequality for summation and integral
and Lemma 3(b) Ieads to

/n(n(n- D9{1\) ' d{t.3 p,,, tU) T ,,,,, r(D{r-t)zdy)r rz.
U l.=O u

@6(:- p,,, rU) t P,,,,,(y)(y-llndyrtzl
&=o o

:ot(.ftz) ; d) 0(n-r lz.d-1).

Further, use of Lemma 3(6) yields

I r:a(f tz) ; a).0(1).

Now, choosing d:2-t tz and noting that in view of Lemma 3(a)) the
moments for the operators G,,, , are polynomials in l, we obtain

i E(n, t) I 4Mrr17t'\ ; n-Ltz).
The proof is complete.

Theorem 4. Let f be a bounded and integrable function oo
[0, *] admitting a derivative of order r at x+le [0, oo).
Then

lim (:Gllt, f)(x):ft,)(x* /).
n-+ @

Proof. Application of Leibnitz theorem yields

(G l,',t,.f)(x) :(n - t)3, +\e',,, 9t\r1 T r,,, r(il J'@* y) dt,
p=sdI'l kt )"o

cof:(,t-l)> : (;X-
k=o i =o
ooco:(n-1) 2 p^,t(t) t

,k=oo

Since by Leibnitz theorem

P(''t,. rr,'r- (z-l)! |11.-trk+t\y)- 

-

(n-r- 1)! i=o

:(n-f ) >! ff g1( t\'-t I e-:', ttn!)k' 
fp,,,,,(y)f(x+y) cly

i=o&=i (K-t)t o

1),''i n, P.,,,,pG) ( P 
^,r*o U)f {x + y)dy

/. \(- l) (,?.(;x- l)' n' p,,,, *, (!))

f(x+y) dy.

(- l)u(i)P,,, **o (y).
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Therefore,

1c(,i,), 11 1x I :4f# r; oo 
n,,,to f t - rf i',',,)-,, r *,'1v1 f @ + t) dt.

Now, by Taylor's expansion of the function /
f(y): i O-:-t): -f(,)(x+ t)+e(y-x-t)(y-x-t),

i=o il
:R(l)* e(y-x-t)(y-x-t)'' (say),

e(y-x-l)-;0 as y-).x+l and is a bouncled and integrablewhere

function on (-x-f,oo).
On integrating r times by parts, we obtain

(G "- R)x :"'(n-E.lI S p,,,t\t)T p,,-,,1*,(v)Rr'r(x +y) dy. ,,,r \n_2)l r=o .'o

clearly
at,t(x* ]l) :7t,t(x*t).

Hence

1co 
), n;1x) :H:; 

rZL7r' 
)(x* t)-> f r'' t {x { t)

aS ,I-+ oo .

Now, it remains to show that

(G::,), ( f - R)Xx)-+ o as n-) co r

where (,f- RXy)- e(y -x- t)(y- x - t)'' .

Applying Lemma 4, we get

r (G(;,) J.f-R) )(x):(z -r) ,rliarr, 
qu,i,,(t)3 

o&- nt1i p^, t(t).

i, j>0
eI 

P 
^, rO) u (.y - t) {y - t), cty.

By using Schwartz inequality for summation and integral, we have

7 : 1 t, (G(',), (,f- R) Xx ) I 4 M,(n -, )r,ir" 
r 

r, (ri (k - nt)z i p,o, r(t)), t, .

i, i>o
( ! p^, ,,{r)(T p*, rO) , U - t) (y - t), tlylr'1, r, .r=0 0

Since e(y-t)-0 as ./--+1, hence for a given e>0 there exists a d>0 such

that I e(y-t) | qewhenever Iy-r l <d. For l7-l l>d,thebounded-
ness of €(1,-l) imPlies

l,(y-t) I <* I y-tl, Ms:sup l.(r) I . Q.z'1

u el-t, a)



8 u-\THEIIATICAL FoRUM

Thus. finally we obtain

Ie(y-t), (ee * # rr-r)P for al y e [0, * ).

Therefore, using Schwartz inequality and (3.2), we have

( i ,,, ,,(y) e (y - t) (y - t)' dy) 2

** f ,,,, ,{rX.'0-t)" +rya; (y-t)"*'\ ,ty.

Now, using Lemma 3(b), it foilows that
ooo
2 p", *(t)( J P u, r U) u (y - t) (y - t)'' dy)'

lr=0 o

t*,3= 
o 

u *" (r) T p'',U)le' (v - t)" + # 0- - t)z'r + z\ dv

:e2 0(tr-(' +?)).

Lastly, using Lemma 1(b)

' 2i+i4r \ '/
i, j>0

4M oe.

Due to the arbitrariness of e)0, 1-+0 for sufficiently large r. This
completes the proof.

Theorem 5. If ft': (,r*l) is continuous on [0, o], (G(';),,fXx)

converges uniformly to /{'l(x11) 316

u @-2) | 
G,,,,'.,t , f )(x)-f r"r(;f t) ll(k,,o,(,f (,) . n-t tz), (3.3),., n.(n_f _2) !

where k" is a constant independent of /and n and <o(f\'));. ) is tbe
modulus of continuity of rth derivative of l,

Proof. We have

G:,' , r)(*):ry:-t;='#,!, r,,, o{,) f
:@1,.|jf -i' P^' nQ) 

T

flence, by using Schwartz inequality for
Lemma 3(b), we get

l't#-)-; c(.i"]' rxa - t'' 
)t' +'; 

I

( - 1)' P'l),, n*,1fi / @+ D dt

Pn-r, r,+r(!)\') (x* y) dy.

summation and integral and

---. .-*-- -- , .r I
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oo@
<(r-r- L) _2 pu,tU) ! P,,-,,t+,(!)t7t,'t(x*!)-fr,t(x*t I cty

""=0 0 '-

oo@
i 6)(n - r - l) E p,,,6 (t) J Pn-,,r+,(!)6+ lY-tl 4,

dl;=o

(ar(/,r; o)[r+'#,8,
(ro(.;rrrr ; d)[1+] o tr-',,;].

Choosing 6:n-'l', (3.3) follows.

The convergence ot (G,!) fl @)
Ttrt(x*t) is bounded on [0,a] ancl

(n-z) r

n'(n-r-\1-rl as fie-,x, '

Tnnonrrlr 6. Let f be an integrable function on [0,* ). Then,
the sequence Gn,tf converges to / almost everywhere.

Proof. Let F(x*y1:'y 71*+r)du, then Ft(xqy):7@+y)
almost everywhere in (0,"o1.' I-.t a@(O,o) where F'(x+a):f (x+a).
Now in order to prove the theorem, it is sufficient to show that (Grrrof )@)
converges to f (x*a).

For all ft, 0qk<oo, the product Ptn,{y)F(x*y) is absolutely con-
tinuous and because F/(x*y):f(x*y) almost everywhere we have for
all t@[O,a]:

p,,1,(t)F(x * t1: I rr*,7,(y)F(x*y)d.t* 
tl 

r,",o(r)f(*+ y) dy. (3.4)

G^,*f)(x)- -(n- l) 3 (o*,0@) f p,,,0(y)F(x+y) cty. (3.5)
,t=0 o

The function F being differentiable at x*a, we have
F(x*y): F(x* a)*(!-a)F'(x*a) + (y- a) e (y- a),

where e(u)--+0 as a-+0 and e(a) is bounded. We put
M:sup[-o,€]l .(y-a) I .

Using (3.4) in (3.5), we get

(G 
", o f)Q) : in - l1s- " 

o f 
! + a) - (n - l)a e- ^ 

* F' (x + a) * F' (x + a\

-(n-t) z p",r(a) I p'^,*(y)(y-a)e(y-a\ dy.
i;=0 0

Now, to show that (Gn,ofXx) converges to /(x*a), it is sufficient
prove that

oo@
R"(a):(n-1) : pu,*(a) J P'n,tj)U-a)e(y-a)dy+0 as n+oo.

lj=o 0

0

p*,k (t) f o,-,,r*,, (y)(y - t), ay) , t ,l

to ftrt {x+/) is uniform, since



10

On

I{ATHE\IATIC.4.I, FOIIL]}f

utilizing
P',,x(y) : nlP?,+ 1,*- 1 

(./) - P^+ r,r(.I)]

in Rn(a), we have

Rn(a)-n(n-D F=op*,r@)fv^*,.,r-r(!)- 
Pn*r,r0)10-a) e (v - a)dv

:n(n-1),>? (P,,r*, (a)- pn,t(o))ul-P'*" rU)T-.a) e"(y- a) ily'

Further simPlification leads us to

"" 
* 

Pn*,'r(Y)()'-a)e(Y*a)dY'aR^(a):(n- 1) .3oPn,r*,.(a)(na- (k+ 1) -,"

Using Schwartz's inequality for summation' we obtain

(a R,(,i))' < (n - 1)'o?^ P 
", t * r(a)(n a - (/s * 1))'z

*lV 
o 

P u, o *, @) ( ( P,*,' r 0)0 - a) e (y - a) dv)z)'

Now, using Schwartz's inequality for integral

2o''" '*'(a) 
(f 

""*" '(Y)(Y*a)e(Y-a) 
dY\z

",,I-o "*''*'(aX T '^n" 
o})dv)(f '^*'' 

r(y)(v-a)'('(v-a))'dv)

:I 3 P,, ,'*,(yX-flP"* '' '(y)(y-a)'z(e(y-a))'zdy)n L=o 0

r@:l 
^i 

P"'; 'c+'<'lt{ f:L'i {rjo-alz1e(v-a))zdv
* ! P,,*,, *(1Xl-a)'(e(Y-a))'zdYl

lv-sl2o
:Ir* Iz,

where

I,:L- 3 p,., ,,,r(r) ! P,,*r, *(1Xl-a)?(e (y-a))'?ly
' n L-_o ly_al<a

1@6a.'l ,L Pu, r,+t(a) {',,*r, r(il?-a)'dY

:., o(j,),

,, :!n 
r? o 

P,",, *,(a) 
{ r':;,1 {-#\, - 

a\2 (u (Y - a))' dY

nr2@6

"# )0P,,' t*'(a) {- '^*'' 
r?)(Y-a)ndY

:*r(,1,)

...**t
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Consequently,
oo oo
i !u, r+r(a)( I P,,*t,,,(y)(y - a) (e(y - a)) dy)'9

h=O 0

-( ,2.t- l \o11 \\- 'nd!/"\n3/

:t'Oll\- - \n3,/'

Also, by Lemma 1

@

I P^, rU)(k-nt)z:n1 (1+'),
k=O

rCO
so i 7o ,,.,r*r(.o)(na- (/t* 1) )'? is b'-runded unilormly in r'

Hence, for sufficiently large z and e)0, we have

aR,,(a){K e,

where K is a constant independent of ru and e.

This completes the proof.
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