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Aesrnecr

The {lorv ancl tlie irerrt trrrrrsfer of a seconcl-orcler fuid confinecl

betr.veen ilr,o ciisks, one rotating trnd the other :it rest, have been tliscussed.
The rotating disk is maintirined at a tempernture higher thtrn that of thc
stationary tl.isk. There is il small arnount of fltricl irijection trt the stationary
disk. The case r,r,hen rotating disk is irrstrl:rted has also been disclrssed.
'Ihe ecluations htrve been solvecl by expirncling the velocity compoucnts ancl

the temperature in the por,vers of Reynoltls number.

The results revetrl that the eflects of irrjection of the fluid trncl nori-
Nervtonian terrns in the constitutive eclutrtiorr are to reduce tJre rittc oI
heat transfer frorn both disks. It has been fouird in thermometric case

(when the rotrrting clisk is insulaterd) that the effect of the injection of the
fluicl is to incre:lse the tempcrature of tl're rotilting clisk but the eflect clf

ll()lr-Ne\vt{)niirtr tertns is colrtt'rrrr lo it.

1. Inffoduction

The constitutive ecluatior-i of an incompressible si'corrcl-orcler fluicl
hirs been suggestecl bv Coleman tincl Noll (1) ris :

r:'Pdq*p1A6;i-fPzA(.^iJ+PsA;1,it; Artkj, (l)
rvhere

Ag1tl:ui, l*uJ,t
Ai.ztt j:ab 1*o1r;{2urnt i t)nr, j (2)

zr, is the stress tensor, D1 itrltl A; are the ve'locitv antl tl're rlcceleratioll vec-
tors, respectivell, I .,,,,, ,u., and pB arc t]re nrateriirl constants irncl p is tlie
hyclrostrrtic pressltre und u cornma ',' clc'rrotes covirrirurt clicerentiirtion u,ith
lespect to irrclex follorving it. Nlarkovitz rrrcl Colc'nrirn (2) have sironrt
thrrt 5.4 percerrt solution of polv-isoJmtvlerc in cctrute at 30'C bchtrr,'es

rls a secori(l orcler {lrri<1 s,itl'r rnateritrl constnnts irs p:0.134 gf at. 1tr--.--

J8.5 poises, lLt- -0.2 g,/cm arid 1r:1.0 g7cn.
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In this paper \vc iritve discussecl the fiorv and the riite of heat trtrns-
fer of tr seconcl-orrler fluici govcrrred by thc constiiutive eclriations (1) and
(2) u.hel it is r.orifiriecl betrveen tu.o clisks, one of rvhich rotates rvith a

colrsialit angulilr I'eiocity Q arrcl the othcr i:; :lt rcst. Ihe clisk rviricfi is
stiitiotiitn is porr.rus itn(l r,i sntilil ainouirt of fluiii r's itrjccterl througli it. Tu.o
crLses Ir:rvr' becr, cliscussc.rl :

1. \\-lrcl, ilic- rotatii,g iiiid sirtiior.trv ciisks ilrc rnirintrriircd at cons-
tiuri ierrrperatr-r1g5 7, r,iiri T respectivelr. (Tr)7',).

2. i\-ltc't. the si.,rtioiiarr clisk is n.ii,rt.riric,,l lt .r constrLrlt terrrpera.-
trire Ts ir.icl the ro'riitirrg ciisk is irr-cul.rtr:ci. -\ssruriilg Reynolds
irtulirer R to be sma11. tire sohLtiori oi the clifierentiiri equations
has been soLrgiit b1 crpairriir,q all il,c c,iLtiiies il pou-ers of R.
The ittterirction of the fluicl iniei:iiori iuicl norL-\eu'toriiiu tr:mrs
in tht-, constittrtive cclrurtion lir,s been ciiscussc.tl. The. graplt of
tlie Nusselt nrirnber rlt thc statiouar\. clisk rrgrrinst a non-clinreu-
sional irrjcctiori rliiiiber hris been piottecl by taking tirree vahres
of nori-climerisional ternpcrature cliffcrerice betn een tu,o clislis for
the Nervtorritrrr rrs \\,cli as for second orrler fluicls. This problcm
Iln ibt' al,-serrce ril rirrjec'tiorr ir:ls been tliscussed lty SrivasLavrr (4).

2. Ecluriiatts of llotiott ant{ Ileut 7-'runsfer

The eqr-iuiion of coirtirruity ancl Cauchy's ecluatiotr of motion for
ilrcorlprcssible fluicl for a stcrrdy florr, :tre given l;y qftmrn

Db;:o, /3)

PUiuiti:Tiiri)
rvhere p is tlie riensity of tire fluid.

Tlie etluation for hrirt trrrrrsfer is giveir by'

ficovrffi:kT,tt*@, (s)

r.,.ltere ? is the tr:;llteriiture at any point oI the fluicl, C, is the spccific
heat at a cottstitrrt prcs:iirrc. xi is ri space coorciinete. /i is the thc-rrnal con-
cluc'tilitr. itrirl r., is tltt, clissip;ition fuuctiilrr .qir-r,r i ltr

nr- 7 /
- _2 tr111i j ,f il. (6)

Consiclcr ihr- r-nltiori of a secorrcl-orclcr fl1ic1 go.,.errrec1 bv ecpatiols (1) ancl
i2, betr--eet' tri o infiuite clisks, oire of u,hich (::o) is at rest ancl the
otlie'r' .::11 is rotr,ttring rvith a construrt iingul:rr r.elocit), ilbor-rt an axis
,.r=o perPcndiculitr to its ouru pltrie. Tiie rotating clisk is rnirintainerl iri
it c'itrrstilrt tempernture f, iurrl the sttrtionirry clisk is lr-railtainecl at another
(,onsiant tempei.rrture T, (I,)1',,). Trrking ri, o lincl rL. to be thc velocity

J

i

I

i

i

I



1B }IAT}{I1]\IATICAL FORUII

components in the directions of r, 0 and z respectively, in cylindrical polar
dinates, the boundary conditions of this problem are given by :

g:0, D -0, w:wr, T:To at z:0, (7)

u:0, v:tdl, tl:O, T:Tt at z:d. (8)
l3oundary conditions suggest the follorving form of the velocity componerrts,
temperature and pressure.

u:raF'(n), v:raG(q), w:-2dgF(r), (9)

T:To*@$t lecn)]{{,i+ O, ldr),/,Q)1, (10)

p- srral- pr*(rr ldr){(2A+ B)(F', +G'r)+ )}7, (11)

where 7:zld, A: ltzdllpr, B: ltegllib a prime denotes differentiation with
respect to 11 and ,\ is a constant to be determined by the boundar_v con-
ditions. This form ol velocity components satisfies the equation of conti"
ruity (3) identically.

Substituting the velocity components from (9). pressrlre from (11) antl
stress components from (1) and (2), the equations of motion in the direc-
tions of r, d and z respectively are :

B(p': - Gz -ZFF")- F'tt -2<R(F"2 +zctz + FFt')

- PR(F" + 3G' 2 + 2F' Ft" ) -27,
zR(F'G- FG'):G" +24R(F"G'- FG"|)+2|R(E'G' - F'G'),

4 RF F' : p rt - 2F" + 44 R(Ll Ft F" + F F' t' 
) + 28 B RF' F',

where <-prledr, F- prled, and R:egdz I pr.
Substituting rclocitl.'colrporrt'rrts fron'r 19), ten'ilterriture froni (10) ancl stress
col'tiportetrt's flom (1) rrntl (l) irr tlrc'erlrLrrtioris (5j erid ([i), irncl eclturtiug the
ternts inclept'rrrierrt of r rrrrrl c,ri<,{[ii,icrit of r'orr botit siclcs of the erlrratior-rs
(5), u"e ge1

(RP)-1(4 { +4'")*l2F',z +2F4,t -24i,FF/F', *24(4+fi)Fl' :0 (15)
(Rr;- t {,,+ rr, + Gt2 _2(,t F' _. F,l ) _2<F1F" F'" + G'G')

- (24 + 3 P)F t z (F" 2 + Gt 2) : 0,

where P:prcolk is the Prandtl number.

3. Solutiott of tlte Eqttations

Assuming thc Reynoltls number /i to be small
perturbation schen'ie b1. expanclinu F, G. d, /, arrcl ,\
lecting 1l' rrrr<l its higher powcrs, u,r, u'ritcr

(16)

F:Fo*RFr, G=Go*RG
O:Oo+R6r, r!:rl,o+R/1
l:,io*Rir. (17)

(t2)
( l3)

(14)

I

r,ve clevelop a regular
in porvers of ll. Neg-
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Thc bouridirr],corlclitlolrs (7) arlrl i.Sl car h,-,t'rittcu iis:
Fo:- S, I'o:0, Go:0 at 4:0,
Fc,:0, Fto=0, Go:l at tl -l
eo:0, L o:0 at 4:Q, 1

lo:fr, Lo:0 at 4=1. I
Ft:F'r:Gr-0 at 4=Q a1,d q-1,
$r:Qt:0 at ?=0 and ri:1,

(22)

(23)

(l 8)

(1e)

(20)

(21)

where ,t=w ol2dl and m=(Tt-To\pc, dt,f py
Sultstitutir,g (17) in thc crlLLrtions (12), (1il) rrrrr,l (l;), (16) .urtl c.qur.-

tirrg thc terms ilirlcp('nd('rlt of /l anrl r:rrt'{iilicrt o[ /l oir l-rot]r sicles of tlreso

c(luittions, wc g('t tu,o sr.'ts o[ ]int'ar tli[i'<'r'eirti:rl i:rlLtiltiotrs in (Fo, Gn, (,o,

{., iu) and (Fr, Gr, {r, Qr, )r.). Solvirrrl tlicrn urrrler Lrrirrndarv col}ditiols
givern by (18) to (21), ri,e gct tll: sohrtiorrs for

(Fu, Go, do, iu, /.0) and (F' Gr, drr, {,,,ir) as:

Fo: -S(1 * 3a'? +-2113), Gu:11, )"u= -65,
Qo:mq, {o=0,

!
Fr= 

u)ZO,r2(l - a)'?[2s'?( -22*8\*3r'-2t]')
- 7 (2 * q) - 252(4{+ 3,;)s'?( I -2,t)1,

G t : -1i l{t - r)[1] + n*,i2 - 4tl3 -20(.<+rr)(1 -2,,)],

lr=fi[zr * 2t6sz-56<(18s,+ s)+42p(12s'- s)], ]

O, :P4:;',1[rzr,{z r * 2tT] 4 u n, - 64rts * 32ttn)

* 3sm( -7 * 3n * 3n' - 2n') + 5(l + q - q')

- 48<s3(5 * 5n * Slqz - 39q" - 225qa 127 9116

- 93q8\ - 2l6PsB (3 * 3q *2qz * 2q, - 3l \ a * 36\6

- Llqo ) - 2(2< + 3F)s(3 * 3r1 -2qs *,i n 
)1.

,, :&1.J [60s,( I - 2rr *2n,) * 5

- 48<sa(7 * 8a - l3rt2 *3211' -l6rtn)
- 108ps3(l *,t -9rt'*16113 -8rln)
-5(2n44p)(l+tt - rt,)].

1. Tltermometric Cuse

Here u,e cliscriss the i,rbove problem u,ith the follor.ving boundary
conditions on the temperatr-rre,

(24)

(2s)
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T:To &t 4:Q,
aJ=o at t1:1. (26)

0tr

Thc boirrrcliiry colclitiqls 9rr tlrr-: vel,.tciti, q'n111;1rv1 1s11[s rt'ritaitr rulchartgeil.

Ilr.:iicc, frrr this prol)leilt the stt of dillerenti;rl erluiitioi-Ls for (Fo, Go, Q o, Qo,

.?o) and (FrrGr, i, Qr, i 1):Lirrl tlre lloitrrrirlr)' corrclitior''s givelr by (18) anil (20)

rc.:maiu unc,liarrrqecl, ltut thr: Ioititr[irv cortclitions Aiven b1' (19) arrtl (21)

become :

d:0, tbo:0 at 4:0,
0o':0, Qo':0 dt r1:1,
0r:0, Qt:O at q:0,
Q r':0, Q t':0 at q:1,

Under the abcve boundary conditions (27),

6o, Qo, Qr, '!, are given bY

i u:ffi, Qo:O,
d r : g1d PtlllZs'?(l2 -2A,12 -7 5qs * 9644

-32\6)* 5(8 * 4112 *aa; -4as{36s'?(10*24112

-40q2 -62q1+16846 -l24qo +3141)

+ (21 - 70qz *3,1n = no)) - 6Ps{36s'?(9

- 2112 -33111 * 67qa - 48,tu + t\r)1 )

+ (21+ lA,1' *3nL - u6)\7,

Q t: to P,i36As'9(2-31*4n2 -2,t')
+ 30(2-z)* 12<{24s3(- 9 *l5q._'5,i2

- 45n' * 4\nn - 16a E 
) * 5s(-2+ 2qz

- 4. )) + 1 8i9{36s 3(- 2 * lOq' - 25,1'

*24,tn - Bqd)-F5s(- 2*2q2 -r'))1. (30)

5. Discussitttt

The rate of lieat flur fronr thc statioutrry clisk to the fluitl is given

by

tqu)l,-o: -o ({),=, (3r)

Neglectilg tlic eilge efiects, the expression for the rttte of heat transfer

from a circular portion of r:'rdius ' of the c1-isk trt z''o is given by

1 [" 2trr /?Tt ,so: tta'" )r- [ \a;)r1i

:&,Q lm+ ffi {(zszr, +s)-zr,sm,pcpL 30 (\ /
- I2<s(20s'?+ l)- 18ps(36s'9+ 1)f

(27)

(28)

(28), the solution for

(2e)



+frP x'1s1 r2s'9 * 1) *2<s(168s'? * 5)

- 3,3s(36s, + 5))] (32)

rvhere X==u/tl.

The graph oI Ntrsselt rrrrmbi.r 1,r- -17,,diltiTr-'I,,) lias bc.err ltlotte<.I
ri{aiitst.>'-for ri-10, 15 aricl 20 irr trig. 1 for a scconcl order fluicl bv taking
z:-0.03 anil /J.-0.15 ancl just for cornparr'son srrke, lher corrc'sporicling ctrrve,s
frtr Neu,trtrirtn {ltrirl (z:0, /J:(}) }iirve'uoeri slror",,n i-.y l;roken lines. I{r-:rc'
z is trrl<ern as negativc arrc1, ! ii)- positi\.r' r,i,1 r r,,ntcric.lilv five tinies z

rvliich is corrsistolt rvith tlrc t,rrlircs of ,r, *r11 rrr gr:\,er1 lly \{iukovitz alcl
Coiernan (2).

Thc urapi, slto*.s thirt tlLc riitc of hrat transfcr clc'crerrses ui!,]r tlie
ittct'r'i1st' ol trrjet'trloir plttitnrr:ter S. Frrltlrer. this rute of clecrcrtsc ltr,'r:l)rncs
tlltlre il:tt'l ltl()ri:' jlr'o1ror-L;ici'11 lts ti-lr:1t:lrtlr-.r't3r tit ilcreiises. This sito*'s that
the fliticl iir'i,'ctioir is mort'r'ifcctirr: iir rt'c.lr-rcirrc tite rrlte of heat trunsfer
urhel tlrc tt'n'iperrtrrrc. clifieleL:cc ltct-,i-ec.r tl',e ciislis r'rrcrelses.

The cffect of sccoir.ci-olrlel temrs in th,,,constitrrtit'e ecluatiori (1) is
to rechrce furtjrer t]rc rirte ol Ireirl ti'arsfcr. ]" eglecting the eclge ellects,
tho ritte of hei,rt trans{er frorn t}re circrrlar rtortion cf rrrclirrs z of the rrita-
tiug clisk (;.= rJ) is given by

,,:'o+ W +# * Qszr'* 5) + e.s.rz

*12<5(52s2 * 1)* 18ps(36s'* 1)|

*# r'{- 5(12s2+ 1) +2{s(48s'? + 5)

* 3ps(36s' + s))1.
'fl:c glrrph of 17, h:rs lot been plottccl hrt it cirri be coirclnded fronr thc
expresst'ol tlrat'tlie efiects of irrjectiton irnd lrorr-Nt:rvtonian terms ari-. sirni-
lar as those of r7,,. Tlrese results hnve br:r:n srrpported by many n,orkr:rs
(sec Sclilichtirg (3) ) tlitt by, irrjecting a snr:,ill iu.irourrt of fluid tlit-. rate of
Iteirt tralisfer crtrr br: rcclucecl. Lr mii.rrv sitirations fiuicl is injectec'l to cool
ii rot.ltilrg svstem. OLrr rcsLrlts suggc.st tlrat the coolirig systenl u,ill bc
rnore effective if tlii: fluirl chosen is :r norr-Neurtonirrn one.

Iir thernionretric case, tjrc-: iernperirture T* of the rotirtinq clisk can
bcolttilinecl bt, srrbstitrrting thc etrlressr'ons for d,r, Jo, dr iincl ,/r frou (29)

arid (30) iu il0). It is givr: by,

r* =To + ! *[[f11+l:r, ). 25) - 4rs(252s, f. I 3)- pL' ,,1 30 "
- 6Ps(180s'3+ rl)1+ffxz{s(12s3 + 1)

-2as(48s2 +5)- 3,Bs(36r, +5)]1.

I\Jl1tl-I'IO\ (l\ TIII1 IJE1T TII\NSliUIl lN lrl-0\1,'OF'A:jl,(.lol\ill-OliDlilt l'I-LrID 27

(33)

(34)
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The values of (T*-Tf pCp/y, have been given in table 1 for 5:0.05,
0.10, 0,15 and for o:0, ,B:0, u--0.01, B:0.05, u:-0.02, ,8:0.10, oL:=

-0.03, B:0.15. The table shorvs that the e{Iect of injection is to increase
the tempertrture but the efiects of increase of non-Newtoniarr parameters
a and F is to decrease the temperature. This is in agreement with the
results of Srivastava. (4) u,ho shou,ecl th:rt the efiect o{ non-Netvtonian
terms is to redtice the temperature of the disk.

T.\BLE-1

t: (l

li.=0,
? :: - 0.0]

lt- 0.05

,: -0,02
t: 0.10

z: -0,03
tl - 0.1;

0.0,5

0.10

0.15

57.i3
63.52

74,17

5$.757
(i2.721

72.840

56"38.1

61.923

71.510

56.012

61.12.1

70,180
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The graph of lf agtrinst S
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