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Stmtmury

Some events like conception take place in clicrete-time, lvltereas

other events like distributioir of fc'rtile perioci of a grottp of \.,'omen, clttra-

tion of pregllairc.y, dr.rrrrtiori oI postpilrtum tuneuorrhoea etc. occur iu coir-
tirl.rous time. Irr this papcrr u riiscrete-tir.ne, cliserete-age population rnoclel

irs proposccl irrclepcrcleirtil' b;' l3eruiirdelii 11911), Lcrr-is 119.12.r trntl l-eslie
(1945, 19"18) hls beerr sttLciicd. Erprcssiorrs for tot.t1 poptrlation lt a timc
't' ancl purirmettrs of fec'rLrrriitr. rurcl plrbalriiitr. of surr iviLl hirve bct:n
obtairrecl.

1. lntroduction

Let r.rs cotrsicler a populaiiori P.1 ei tinrc '1'. Let us clivicle tliis
popul;rtiou into ii age-grolrps. Let tire size's of tltese it trge-groups be

xt (t), i:1,2, ...n. Letft) 0 ltc tire fecurrcLitr u)ei.slilcs of these age-

groups. Let pi,0-(pr<l, be ihe problrbilities oI sullivrrl from thc age-

group lvhose size is x;(i) to the rie:.t ilge-gr(iilp. Then Bernarclclli (1941).

Lervis (1942) ariri Leslie (1945. 19+8t r'ncicpr-'irtlentlv proposerl thc foiloi',,ing
lineiir ciiscrete-lge, tliscrc'te-tinrtr. .popuiation inoclel

1.1.(a)
nr'(/+1)= ) fuxnQ)i=1

(b) Iinr(t* L)=p5xi(), J:7,2, ..., n-l

The uppcr liinit of lertiiity r's cletermiteci by fccundity. The ferti-
lity alr,.,,i,lys lags beliild fecurrclity. 1,Viih rvide-spi'ead metirods of birth
control, tlie gap betu.een fecundity anri fertility has u,iclenecl consiclerablr-
in recent times. Hence. u,e sixill talie f as fcrtility measures rather tiriur
fecunclity measrlres.

2. Some forntulae

We have the follorving theorerns :

Tlteorem (2.7). We hare

2.1. x r(t) _frx r(t - t) + pLf zx,lt - 2) I p, p, f ,x,(t _ 3)

+ "."' * hp z'.. p,,- tfuxtU - n).
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Proof. Repeateci trse oI t1,1)b ir,. il,i)rr vielcls (2'1),

Nole i.2.1 .In i2.1r. u-c hrle lecirrced al1 the terms ol the right-htrrrd

sicle of i1.1ia to thc brrse .r1.

Tltoretrt 7.2'. Let u.\' put

2'2' (a) Ao:t, (b) A-,=0,
(c) A,.:frA,.-r*prfrA,.-zlpflzfsA,-s

+""" *pQr"'P,-rf, i 1(r(2.
Then

2.3. x r(t): A,. x r(t - r) * (P r f ,A, - r* p rp, f ,A, -, * "' * h P a"'
p, f , +r)x t(t - r' 1) + " " " +
(p r' "P 

^ 
-, f,r -, A, - t *''' * Ir "' p*', f")x t(t * n)

*(pr...p*_,,nr* J,,_, *, Ar-t* ,,, * pt...pn_rfnAr)x,
(t-n * 1) * ... * p t p 2... p,,- r fn A,, * | x r(t - n- r* 1 ).

Proof: from (2.1), we can easily write

2.4.(a) x r(.t - L) -J'rx r(t - 2) + t, f ,x, (l - 3) 4 . .. * h. . .

"'P,,- rf "x r(t -n- 7)

(b) xr(.t-.2):f,.r,(r -3) +.., + p1,., p,i-r.f .x t Q-n-2),
(c) x!(t-3):f.,tr(r-4)* ... *p r..,p,.-r.f,,x, (t -n-3),
(d) x,(t-r):j ,xr(.t-r- 1)+... * pr,,,p,.-t.f ,"xr(t-n-r).

Substitrrting frorn (2..1)tr in (2.1), u-e obtirin

2,5 (a) x,(t):ln7sr(t-2)t(p,fzAL+ plpzf)x, (r- 3)

* (p rp ul' ,A, * p t p rp a.f +) x ,(t - 4)

*"'*pr"'P^-rf ,,Arx, ft-ru- 1).

Substituting from (2.4)b irr (2.5)a, we get

(b) x r(t): / ry r(t - 3) + (l rf ,A, * p, + p, f , A, * p fl z 
p s f 4)x r(t - 4)

* "' * P, Pr"' P*- t,fnA sx L (t - n -z).
Proceeding in this \\rt1v, \ve car-I prove (9.3) b:, inductiori.

Tlrcoren i2,3). With tlrc u,ssumption that (2.3) holcls for rln, rt:e

lruce

(2,6) x r(t): l, v,(t - r) + (A,. +, - f ,A,)x r(t - r - l)
+' " + (A,, -,f , A 

^ 
- t - "' - P t "' P n - r -, Jir-,' A,') x r(t - n)

* (l*+ r -.f ,A,,- ... -Pr..,p uf** r)x r(t - n - l)
+ "' + (A 

^ 
-, -, -.ft -4,,+ r - 2 

* "' - P t"' P,t+, -, fu *, - r)
xr(t-n-rtl).

Prottf. Srrirstitutirrg lronr t2.2) iri (2.3) arrcl assurning thnt (2.2)c

holils for rln, rve obtrrin (2.6).
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llote (2.1). Though it rrltpe,,rrs tfir,rt i1 the a[oye c.xprcssior-r, qrra.li-
ties f n and p,. occnr whcrr r>rr, but rrctuillll, thet. clo rrot occrlr sirrce thev
carrcel. To rryoicl this corrtror,ers\,, we u.il1 ri,rite (2.6) as

(2.7 \ x r(t) : A,. y r(t - r) + (A, +, - f ,A,)x r(t - r - l)
+''' + (r, - f , A 

^ 
-, - ..' - p r ., p,, -, - t f,,-,. A,,)x r(t - n)

+ (p r... pu -, + t f*_ r + z A,_, * . . . *p r. .. p n _ t f*A r)x r(t - n - l)
* ". *pr.,.p u-, f,,A, -rx r{t - n- r * 1).

l{ote (2.2). Sirice the number of tenns is the sirrne in (2.1), (2.S),
(2'6) or (2.7). it is di{Hcrtlt to siry rvhiclr erpression is more colr\/er}ient. It
u'ill deperd on the sitrrrrtirin irr u.liich the expressiorr is usecl.

It rnav be notc_.<i that (2.1) holcis l,l-rerr tln, ntxl (2.8), (2.6) ancl
(2.7) 11,hsn t>n+r-1, l4r4z.

In t]rt' rrcrt scction. u-e u.ill c,olsider tlre <,irses

(i) f in, (ir) n.-. :t--rt*r -1.

3. llodified equutiotts

Cuse ), Suppose t:r, 7g r.{rr. Then

(2.1) crln ltr. rvritten as

(3. I ) x r(t):f ,, x r(r - t) * p, J'rx r(r - 2) * ... * p," " " p, -, f ,.x,(0)
* p r,., p, f , +rx, (0) * .,, * p u -, * t.., pn_ r f,ox,,_,*r(0).

Similarh, (2.3) can be u,ritte.rr irs

(3'2) x,(t) - A,.y r(O) + (f , A, _, * . ., * p 2.., p, -f, +,)x z(O)
f (f sA, - r q ...* pt.,,p, +t'f , +z f , *r)xr(O)
* "'*(f"-,.*,A, -,*.,,* pn-, * r..,p,,-,f n)x,-,*,(0)
* (fn- r+2A,,-r*,,, * p,o-r +2,.,p^- rf ,rA r)x,r-,.nr(O)
+.,, +f,,A,.-rx,(0).

Case 2. Let t:n+q, q{r-L.
In this case (2.1) holds as it is. But

assLtrnes the form
u,e shall rnodify (2.3). It therr

(3'3) x,(t) = A,.y,(t - r) + (p, f , A,. -, * p, p, f , A, _, *.., *
PtPz...P, f ,+r)x r(t -r - l) + ...+
( p {,, p n_, f n _, *, A,. _ r"u . ., * pr .,, p rr_, f*x r(t - n)
* . . . * (p r,,'p,t- r + q -, .fr.-, *, A, -, *..,p r,,,
p,, _, f ,,A q _ r)x, (t) + ( p r,, . p u_, *, f ,, _, *,1 4, A, _ 1

* "'* Pr"'P,"- r-f ,,A,)x r(0)
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*(Pr"'Pn,-r +rr + t fn-r +'t +zA, -, * "'*
P z"' P,, - t f,, 4, o )x,(0\ +' "' + f ,'A' - Lx' -'t(0\'

Siiiiilarly (2.6) carr llt-, '"r'rittetr as

(3.4) x r(t): 1,'v,(t - r) + (A, o, - .f , A,)x,(t - r - l)
+ ' ' '+ (A,, - .f , A,,- r' ' 'P r'''!),,*, - t f ,r- ,. A,.)x ,(t - n)

+ "' + (A,^r', - r- f t A tt+'L' r"' P r"' P t,+'t'2.f n+n - r)x,t( 1)

* (Aur,r' ' 'Pt' ' 'P 
^+q 

- t-f , on)xr(0)

* | !p r(,*r* t"'p r' " Pn+q,f r;+a+ t )x, (0)

+..,+ I (An+r-t,,,pr,,,Pt,+t.-.-f,,*r-1).rr-i(0),
P t' ' 'P r-,1- t

4. "folal. Patrx&iioit

The total poprrlatiorr rlt tirnc 'l' is giverr by

P(t): xLU)+ x,(r)+ ...-l-.x,,(t).

In corrserluerice of (1.1)h, this c'rluatioli ilsstlllles the forrrl

P0):xr(r)+ p$,(t -l)* prp$,(t -2)+... *p t"'pnx Jt -n). (4.1)

II rve substitlte frorl (2.3) i1 this eqrrrrtion, \\,e gct P(t) iri tc'rtr-rs of A,,

..., Ar. The resulting eqrurtion holds rvl'ren flii. SrrltstitLrting frortt (2.tj)

in (4.1), \ye get P(t) iri terrns A,. A,.... A,r+r-, The resultinq cclrLation

holds n4ren C>rt*r-L.
Wherr /:/t{7i, (,1.1i rissunr('s tlrt' fornr

P(t):x1(/) + p $,(t - I)+' , ,* p,... 'pp- ,x, iI) *p, ".7r6x,(0)

*P.:',.pr,+rx.(0) +ps,'.pk+,,xr(0)*.,,*ltn-t...P,,-rx*-r(0). (4'2)
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