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ABSTRACT

The image system for four singularities viz., source, potential-
doublet, rotlet and Stokeslet has been obtained. The image system is
arrived at through the help of double Fourier transform. Expressions
for slip-velocity in all the cases have been derived.

Introduction :

In the construction of solutions of physical problems in fluid
mechanics, the role of singularities is very important. The flow of an
incompressible viscous fluid at small Reynolds number is governed by
Stokes equations, whose fundamental solution is Stokeslet. It exhibits
the effect of a concentrated point force in a fluid of infinite extent. Rotlet
is another important singularity. It embodies the effect of concentrated
point torque. Other associated singularities are source, potential-doublet
and stresslet. With the help of these singularities many problems of
slow motion have been obtained and discussed [4, 5].

In some problems such as the motion of a particle near a boundary
surface, the fluid is not of infinite extent. Therefore, Blake [1, 2] has
discussed the singularities in a semi-infinite fluid bounded by a no-slip
plane. The case of Stokeslet in a two-fluid space has been discussed by
Aderogba [3].

The slip condition where the tangential velocity relative to the solid
boundary is proportional to the corresponding viscous stress is another
interesting boundary condition. Such conditions have been discussed by
Tsien [7] and Schenell [8].

In this paper we will consider four singularities—(i) source
(ii) potential-doublet (iii) rotlet and (iv) Stokeslet. Out of these the
case of the source has been worked out in detail here, while the case of
Stokeslet has been studied earlier by Datta [6]. In order to obtain the
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image system we shall express the velocity and pressure in each case as
follows :

(1) —1;= ESI+E'SI+ w and
2) p=psi+prsitgqg

where us; and «'s; denote the velocity fields due to original and opposite
image singularities respectively and psr and p’s; denote the corresponding
pressures. w and ¢ are additional parts which we have to calculate.
The various singularities forming the image system can be recognized as
follows [5] :

(3) uso(r)=Source= __]

3(a - r)r,

r5

4) up(rj-«)=Potential-doublet= -rf‘g+

(5) uss(r ; @ B):Stresslet=[- B 3 ’)(B ’)]

(6) ur(r; a)=Rotlet= arx 4

@ E):Stokeslet=%+(—ar'Tr)r :

(®)

2. Basic equations :
The flow at small Reynolds number is governed by Stokes equations
©) wvV=22;
0Xz
(1) 2¥=0; (k=1,2,3); (], %2, x)=(5,, 2)

where v; are velocity components, p is the pressure and p is the coefficient
of viscosity.

Let us suppose that the boundary surface at which slipping takes
place occupies the plane z=0 and the fluid occupies the space z>0. Let
the singularity be placed at (0, 0, 4). The boundary conditions to be
satisfied are

an vl—o% vz—aaav% vs=0at z=0
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Vs

where the last condition ensures that both 5 ; and s

s vanish on the
oy
boundary surface. Also,

(12) vy, vy, ¥4 — 0 at infinity.

Here o is the slip coefficient.

3. Source:
Let us take the source to be of unit strength. Then the velocity
field generated by it may be expressed as follows :

(13) uso =;r§, where r=xe.+ye,+(z- h)e,

Also, the velocity field due to opposite image source at (0, 0, — /) is

7

(14) z_o'so=rr~,3, where r' = xe.+ ye,+(z+h)e,

Now, let us write
(15) v=uso+u'so+w; p=pso+p'so+q _
Therefore, it follows from (9), (10), (11) and (12) that w satisfies the

equations :
16 Vew 2L
(16) p Wkaxk
17 M o

0x;

together with the boundary conditions

(18) Wl—oaa%=—2—)f:, ré=x*+y+hs,
o
2% awg__Zy 3
(19) Wg OE— ;E,
20) wy=0
at z=0 and

1) w,, wy, wg — 0 at infinity

Transforming equations (16) and (17) through the use of double
= Fourier transform

x JA”(%%)=2178 Sei(“1x+“2y)f(x,y)dxdy

R ——————e e e i SRS e e =
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and calculating the constants with the help of transformed boundary
conditions (18), (19), (20) and (21), we finally obtain—

(22)
23)
(e

(25)

A 2ia 2ia
W, = — 1 e—u(z+h) + 1 Ze—a(;+h) i
= a(l +20a) 14204 ’
% 2ia, al 2ia
Wom= — e~ (z+h) + 2 Fo-%(Z+h) .
2 a(l+20a) 1+20a 2
123= 20 ze~*(2+h) .
1+20a
3= 4pa e-%(z+h)
14+20a

3.1 Approximate Results

The inversion of (22)-(25) now leads to the required values; but
since these do not appear in closed form, it has been found convenient
to obtain approximate results.

Case I

When o is small Watson’s lemma enables us to make the following
approximation :

A A NE ST
(26) Ww=wé:+wee,+wyé,

(27)
where
(28)

29

(30)

A & ;
we =410, (1 —az)e 2+ gx4-4ja (1 —az)e 5 +R) &y

A a5
>Wwet-o Wy ;

A A A
q=go+0oq,

A Ddaltoz=—=1)" - -y 2aglaz—1) _ =
Wits l(a )e a({+h). éx+ 2 )e a((*’h)ey

0 a

+2aze- "5kl gz

—4q2ze-*zth) g :
A

q0=4yae—“(z+h) :

(31) go==S8uate-sterm

Finally applying inversion theorem we get

(32)
(33)

(34

(35)

V_V0=2Ess(17; e:, (3_()—2hED(r_', é;) X

o e g =
Wa=4a% uss(r'; ez, ez)—4h5}un(r ; e)—dup(r'; ep) ;
4o —2622 Ps(F ;e

o2 b
qa=_4‘a—z.; Py(r' ; e2)
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It is seen that after minor changes in notation (wy, go) correspond to
the no slip case discussed by Blake [2].
Case I1

On the other hand if o = oo, we find that w,, w,, ws =0 and

sow—>0

4. Potential-doublet
The problem, in this section has been divided into two parts.

Case (i) Potential-doublet Parallel to the Surface
In this case we take
v=up(r, ex)+up(r’, e)+w
where 7 and r’ are as mentioned in (13) and (14). Then the boundary
conditions to be satisfied at z=0, assume the form

b 2 O n s O,

- T Wa wg=0
T T 0z Fao

(36) w,—o

As in the previous section, an application of double Fourier
transform leads to the following approximations, when o is small.

A TRy ;o = = Fr e a 3% - o= g
BT w,=2k —a%ur)(r ; €x)+2 a%uR(r ; ey)—25—zuss(r ; €x, €4) ]
(38) 1w, =42 un(; &) +4h2 (T s &)

¢ o 0z® =

e e
+4a—z-2uR(r &) =42 uss(r'; ex )

2 e = 3 Py ==
(39) g,=2 aéz? Ps(r'; ex); go=4 562—8 Ps(r'; ex)

It is seen that after minor changes in notation (wq, o) agrees with
the no slip case discussed by Blake [2].

On the other hand if ¢ — oo, we find that w,, w,, wy =0 and so
w—0.
Case (ii) Potential-doublet Perpendicular to the boundary
In this case we take,
v=up(r, e)+un(r'; —e)+w
Then boundary conditions to be satisfied at z=0, are

ow, 6hx
40 = R LI el PO
g v BEi s 9z T

b

_g%=fg)« 2 W3=0
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As in the previous case, when o is small we have here
(41) wo=—2up(r'; e)+2 a%&ss(? ; e, e)—2h % un(r'; e, ;

b A e SR gilm
(42) Wa="8a_'zuD(r ; €)—4h aaz—zuD(r 5 ez)+4§é—2 uss(r’; ez, ez);

FL e el o
(43) qo:”‘za—zzps (r§€<)590=_4a—zg Ps(r' ; e2)

Here again (w,, g,) asrees with no slip case discussed by Blake [2].

On the other hand if ¢ = oo, we see that w,, wy, wy =0 and so
w =0,
5. Rotlet
Case (i) Rotlet parallel to the surface

Here we write,

v=ur(r, es)+ur(r’, —e)=w
Then the boundary conditions to be satisfied at z=0 are

T ow e
(44) wl—a_a_z=0,w2—a?2-2=—-r—oé ; we=0

As in the previous case, when o is small we have here,
(45) IZV—O-———Q/IZD (?; Zy) = 2?155(7 5 Ey, Ez) o
(46) Ty =4u(7 5 &) +4h2 un(F 5 &)
g = Gl =
—48—2 uss(r'; e, ez)—2(,§ ur(r ; ez ;
el 02l -
47) qo=2'a—z Ps(r'; &) ; %=4$§ Ps(r'; &)

It is seen that (wp; q,) agrees with no slip case discussed by
Blake [2].

Again, if ¢ = oo, we find that w,, w,, w, = 0 and so w— 0.

Case (ii) Rotlet Perpendicular to the boundary
Here we have
v=ur(r, e)+ur(r, —e)+w
Then the boundary conditions to be satisfied at z=0 are,

6ohy . D Gohx i
_70T’ 2—0'—5;— r05 ,W3—0

(48) wy-oZn=
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As in the previous case, when o is small we get

49) w= —zaaa_zaR(?; Z)ig=0

Here again (w,, qo) agrees with no-slip case discussed by Blake [2].
On the other hand when o — oo we find that

e
G0 w22

6. Stokeslet

Stokeslet has been discussed by Datta [6] and here we briefly add

his results for the sake of completion.

6.1

6.2

Stokeslet parallel to the surface

When ¢ is small, we have here
(51) wo= —2hun(r ; es)+2huss(r' ; es, e.)—2hur(r' ; &) ;
(52) Wy =4uss( ; 2, &) +4h[§2 Gk &)
& aiz ur(r’ ; ) —h aiz up(r ; &) — un(r'; zx)] :

(53) qo= —2haa—x Py(r';el);

s e By o B S
(54) qo 4ha—x(1 hE)Ps(r,ez)

On the other hand when o = oo, we have

(55) w:2[9+§,§

py
Stokeslet perpendicular to the boundary

When ¢ is small we have,
(56) wo=2h%up(r; e)—2huss(r' ; ez, e,) ;

(5T) Wy =4hun(r'; €2)+4h* z un(r'; e2) —4h aa_z uselT 2 20y 23)

Also when ¢ = oo, we see that w,, w,, wy — 0 and so w— 0.

7. Slip-velocity

The slip-velocity at the wall z=0 is an interesting parameter. In the

case of source the slip-velocity is given by

5] Vemon Sl
¢ g i ro

(xe_x"'ya')
3
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It is interesting to note that Vs increases first with the increase of #
and then it decreases, ultimately vanishing as 4 — oo. For maximum slip
effect to occur at the point (x, y) the source has to be placed at the heigh
VXT4ye,

Since small o expansion may not be tenable when 4 is small, the
initial increase at small # must be taken with reservation. Thus to
conclude we note that as the source is moved away from the wall the
general effect of the slip decreases.

Similarly we can discuss the slip-velocities in other cases also. The
slip-velocities parallel and perpendicular to the wall are denoted by

Vg and V¢ and they are as follows :
1 2

In the case of potential-doublet we have,
(59) VS 60ahx Tt 12a/z

0 0

60) Vs, [120 O] (xz2455)

€x

In the case of rotlet we have,

(61) T/Sl 6oey +6ax(xy 5o +120h ey

0

(62) VS —60}1 (xe,—ye.)
0

Lastly in the case of Stokeslet we have,

(63) 17S lzahx 120hx (2
0

(64) T/Sz 120’h

ex+ye,)
(xex +yey)
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