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Abstract

In this article, we<find the explicit formulas for the degree product
adjacency energy of the complement graph of a r regular graph and

also the degree product adjacency energy of L(G). In this way one
can calculate/compute the degree product adjacency energy of large
family-of regular graphs.
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1. Introduction
Graphs considered in this article are simple, connected with n vertices and m edges,
d; is the degree of the vertex v;. For undefined terminologies we refer [6].

The graph G is a regular graph, where all its vertices are equal to degree r. The
complement G of a graph G also has n number of vertices but two vertices are

adjacent in G if and only if they are not adjacent in G. The line graph L(G)is a
graph, in this the number of vertices are equal to the number of edges-of graph G
and any two vertices of L(G) are adjacent if and only if the corresponding edges-in
G are adjacent [6].

The adjacency matrix of a graph G is a square matrix and is defined.as A(G) = [a;;],
where a;; is [1],

;= {1, ifv,~v; 1)

10, otherwise.

Where the notation v;~v; stands for the vertex.y; is adjacent to vertex v;. The
eigenvalues of the adjacency matrix of G are denoted by A,,4;,43,..., 4,.

The energy of a graph G is defined as: the sum of the absolute values of the
eigenvalues of adjacent matrix..of graph G. This concept was introduced by 1.
Gutman [4]. This energy has been well explained in [5] and its mathematical
representation is,

Ex(G) = Zi |4
The degree-product adjacency energy Epp4(G) is defined as follows [7],

The DPA(G).is the degree product adjacency matrix and is defined as,

di: = {dld], ifvi~v]-;
Yo, otherwise.

The degree product adjacency matrix DPA(G) is a real symmetric matrix
and its eigenvalues are ay, a,, @5..., a;. The order of eigenvalues be a; = a, =
as =...= a,. The similar way of adjacency energy, the degree product adjacency
energy of a graph defined as [7],

Eppa(G) = Zlk=1|ai| 2
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[1] The spectrum of a graph G is the set of numbers, which are eigenvalues of
adjacency matrix A(G), together with their multiplicities. Analogues to spectrum of
A(G), the spectrum of degree product adjacency matrix is defined as [7],

a a a3

specOPAY®) = (i, my my .. f,fk)(B)

where a; = a, = a3 =>...= a;, are the eigenvalues of DPA(G) matrix and
my,m,, ms,..., my are multiplicities of a;, a,, ..., a; respectively. Herem,+ m,+
ms+ ... +mE=n

The following theorems are used to prove the'main results.
Theorem 11.1.[1] Let G be a r regular graph with.spectra-of adjacency matrix as,

(T Ay A3 A )
Spec(G) = (1 m, ms ... my
Then G, the complement of G is a (n— 7= 1) regular graph with spectrum

—r—1 —2,—-1 ... —Ak—l)

— n
Spec(G) = (1 m, oMy,

Theorem 1.2. [8]2Hf G is a r regular graph with n vertices, then its largest
eigenvalue of degree product adjacency matrix is a; = 3.

From Theorem 1.2, the degree product adjacency spectrum of G is,

P a a ... «a
Specora@ = (7 72 gt )

Theorem 1.3.3[7]If K,,, ,(m = n) is a complete bipartite graph. Then the degree
product adjacency spectrum of a graph K, ,(m = n) is,

n 0 ... 0 —n®
Specppa(Knpn) = (1 my, ... mp_q 1 )
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Theorem 1.4.[7]If K, is a complete graph with n vertices. Then the degree product
adjacency spectrum of K,, is

— 13 [—(n— 1)2
Specppa(Kn) = (gn b En(_nl) g ]>'
Remark 1.5.4[8],
(@r—2° @r-2%(2+r-2) .. -8 -1y
Specppa(L(G)) = " n(r—2)
! ™2 a“NZJ

2. Main Results

Theorem 2.1.51f G is a r regular graph and the adjacency eigenvalue of G are 4; ;
i=12,...,k, then the degree product adjacency eigenvalue for the graph G are
a;=1%2;;i=12,...,k.

Proof. Consider the r regular-graph G with n vertices where a4, a5, ..., a; are the
eigenvalues of degree product adjacency matrix of G.

We prove this Theorem by using the following facts.

i. Consider the‘cycle graph C; and the adjacency eigenvalues of C5 are —1,—1,2.
Now the degree productadjacency eigenvalues of C; are —4, —4,8.

Here the cycles are 2-regular graphs, then the product of square of regularity and
eigenvalues of adjacency matrix are equal to eigenvalues of degree product
adjacency matrix i.e., a; = r?1;.

And this condition holds for all cycle graphs C,,; n = 3.

ii. Now consider the complete graph K;, and its eigenvalues for the adjacency matrix
are n — 1 with multiplicity 1 and —1 with multiplicity n — 1. Now from Theorem
1.4, The eigenvalues of degree product adjacency matrix of K,, are (n — 1)3 with
multiplicity 1 and —(n — 1)? with multiplicity (n — 1).
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The complete graph K, is (n — 1) regular, therefore the eigenvalues of degree
product adjacency matrix are equal to product of square of regularity and
eigenvalues of adjacency matrix of K,,.

From these two conditions, it follows that all regular graphs holds the equality i.e.,
a; =1%2; and also by observation one can conclude that the eigenvalues  of
DPA(G), where G is regular graph are equal to product of square of regularity and
eigenvalues (4;;i = 1,2,...,k) of A(G) i.e., a; = r?2;.

Theorem 2.2. 6If G is a r regular graph, then

SpecDPA(E)=<(n_r_1)3 [(n—r—l)z(%—l)] [(n—r—l)z(%—l)])
1

m, e My

and

EDPA(E):(n_r_1)2<2_n_2ﬂ>

n
=2

=

Proof. Consider the r regular graph G and the graph G is complement of G. From
Theorem 1.1, the graph G is (n = — 1) regular.

Now from Thearem 1.2, the maximum eigenvalue of DPA(G) is r3 for all regular
graphs. Hence from Theorem 1.1 and Theorem 2.1, the degree product adjacency

spectra of G s,

SpechA(E)=<§n_r_1)3 [(n—r—1)2(%_1)] (n—r—1)2(%_1)>.

m, e My

By using the spectrum of DPA(G),

=<

Eppa(G) = (n—1—1)? (2_71_ &>
i=2
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Theorem 2.3.71f G is r regular graph but not complete bipartite having the smallest
eigenvalue greater than or equal to 72(1 — r), then

nr—202r—1)

2
5 ) (r—1D@2n—-4)-2)

EDPA(@) = (

Proof. Consider the r regular graph G with n vertices and is not complete bipartite,
then from Theorem 1.2, r3 > a, > a3 >...> q, are the distinct eigenvalues of
DPA(G). Therefore the spectrum of DPA(G) is,

™ a a ... «a
specpra(@ = (7 72 o1 )

Now from Remark 1.5, Theorem 2.1 and Theorem 2.2,

/(nr - 2(22r - 1))3 [(nr - 2(22r - 1))2 (—r_a;z A+ 1)] (nr - 2(22r - 1))2\

Specppa (@) = K

n(r—2)
2

1 myp

Since ' —r+1<0;i=23,..., kisalways true, thus

EDPA(@) _ (nr — 2(22r - 1))3 4 (nr - 2(22r - 1))zi m, (% . 1)
i=2

N (nr - 2(22r — 1))2 nz(rz— 2)
(nr - 2(2r - 1)) (nr nr Zn)

—_——2 14+ ———
> r+ +2 5

2
2 [ Kk k
nr—202r—-1) m;a;
+( ) ) z 72 +(T—1)zmi
i=2 i=2

From Theorem 1.2 and number of multipilicities in the spectra of DPA(G),

r3+¥F ,ma;=0 and 1+3¥F,mi=n
: ko mia; . k —
i.e., i=2 5 = —Tie, i, my=n—1

(4)

By using the equation (4) in Epps(L(G)),
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nr—202r—1)
2

nr—202r—-1)

)z(nr—Zr—n+1)+( > )2(—r+(r—1)(n—1))

EDPA(@) = (
After simplification,

nr—202r—-1)

2
: ) (r=1)(2n—4)—2)

Eppa (m) = (

Theorem 2.4. 8If G is a complete bipartite and r regular graph having the second
smallest eigenvalue greater than or equal to r2(1 — r), then

nr —2Q2r —1)2
2

2
EDPA(m) = ( > (r — D(@2n=4)

Proof. Consider the r regular graph G with n vertices and is complete bipartite
graph.

Now from Theorem 1.3 the complete bipartite graph K, is n regular then the
regularity r of K, , isnie., r =n, thenr? > a, > a3 >...> a,_; = —r3 are the
distinct eigenvalues of DPA(G). Therefore the spectrum of DPA(G) is,

TS a a (047 _T3
SP€CDPA(G):(1 mzz m33 TT:(k 11 1 )

Now from Remark 1.5, Theorem 2.1 and Theorem 2.2,

(nr - 2(22r - 1)>3 [(nr - 2(22r - 1)>2 (cay—rt 1)] (nr - 2(22r - 1))2

SpeCDPA(m) 3
n(r—2)

1
> +

1 msp

Since_r—czri—r +1<0;i=23,...,kisalways true,

thus
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— —2(2r-1)\3 —22r-1\2 wj—
EppaL(@) = (MEEED) 4 (M) gkt (e + 7 — 1)

+ (nr—2(22r—1))2 (n(rz—z) + 1)

(27— 1\ 2
= (%) (nr —2r+2—n)

+(Zi myay + T m(r — 1))(

nr—2(2r—1))2
2

From the spectra of DPA(K,, ),

P+ ma+ (-3 =0 and 1+YX)mi+1=n

5
i.e. l mia; =0 ie, Ylmi=mn-2 ®)
By using the equation (5) in Epps (L(G)),
_ _ 2 _ \ 2
Eppa(L(G)) = (W) (nr—2r+2-n)+ (W) O+ (@ —-1n-2)
After simplification,
nr—202r=1)

2
EopaT@) = ( ) @ -veEn-

2
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