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Abstract

In this paper we used goal programming approach to solve fuzzy
transportation problem. Here we considered multi-objective interval
valued fractional transportation problem. We used modified S-curve
non-linear membership function to get optimum solution for multi-
objective fractional transportation problem where the parameters are
fuzzy. The results of using modified S-curve membership functions
are very flexible and thus we can explain the vagueness in
parameters. Considering the degree of satisfaction and vagueness;
the proposed method outstands the other works in revelant field by
giving best solution.

Keywords:Goal Programming, S-curve membership function, Vagueness, Fuzzy
Parameters.

2010 AMS classification: 90C70, 90C29

1. Introduction

Linear programming problem (LPP) have many branches. Transportation problem is
one among these branches which is having a lot of real time applications.
Transportation problems follows a classical approach in which the constraints are
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considered to be equality type. The model developed by Kantorovich [15] for the
organizing and planning in productions and model developed by Hitchcock [8] for
sources to destinations distribution are few among the earliest transportation models.
Introduction of fuzzy set theory by Zadeh [14] was a breakthrough but it was a
theoretical concept until Zimmermann [9] solved linear programming problem with
many objective functions. He proved the efficiency of solutions solved by fuzzy linear
programming. Bit et al [2] used linear membership functions in fuzzy programming
and they applied it to find a solution for a transportation problem with multiple
objectives.

The decision maker have a tedious task in goal programming. He have to set an
aspiration level for each goal. Uncertainties should be considered here to get apt
solution. This approach is widely used for modeling, solve and analyze optimization
problems with multiple objectives. The concept of goal programming was there from
early 60’s onwards. The works of Charnes and Cooper [1] gave path way for
development of this approach. Narasimhan [19] used membership functions in fuzzy
goal programming model and find the optimum solution. Lee and Moore [20] showed
that goal programming be used to find solution in multi-objective transportation
problem.

Membership functions may have different forms. The method in Zimmermann [9]
use membership functions which are linear. Leberling [10] uses a tangent type
membership function. Hannan[6] proposes interval linear membership function.
Carlsson and Korhonen[4] uses exponential membership function to get optimal
solution. Sakawa[16] proposes an inverse tangent membership function and used it in
interactive computer programs. Logistic type of membership function is described in
the work of Watada[13]. Concave piecewise linear membership function used by
Ichihashi and Kume [11] and piecewise linear membership function used by Hu and
Fang [5] for solving fuzzy problems. The introduction of hyperbolic membership
function to solve vector maximum LPP was done on the work of Leberling [10]. He
showed that fuzzy linear programming with non linear membership function like
hyperbolic membership function can give efficient solution. Non linear membership
functions include a lot of branches. Dhingra and Moskowitz [3] defined exponential,
guadratic and logarithmic membership functions. In the paper proposed in [10], these
non linear membership functions are applied to get solution for optimal problem. Non
linear membership functions like tangent type, exponential, hyperbolic etc results
non-linear programming. Non linearity can be eliminated by using linear membership
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function. But we may face difficulties to select the solution when the membership
function is linear. In this paper, we propose modified S-curve membership function
which can eliminate shortcomings of a linear membership function. Linear
membership function may become restrictive in nature while the modified S-curve
form is flexible. The proposed method can explain vagueness in fuzzy parameters.

2. Preliminaries

2.1. Multi-objective Fractional Transportation Model

When the objective function consists of a ratio of functions and simultaneously it
deals with optimization problems; the transportation problem can be solve using a
special case of non-linear programming called fractional programming. When the
value of the objective function lies in an interval, the fractional transportation problem
becomes interval valued fractional transportation problem. In multi objective
transportation problem, the goal is to minimize the ratios of interval valued fractional
objective functions. The fractional transportation problem developed by Swarup has
an application in the field of logistics and supply management. Suppose a
manufacturing unit have m storehouses at different places. They are selling their
product through n outlets at various places. In this case, each storehouse has a specific
level of supply and each outlet have specific level of demand. Let a; be the total

supply from the store house i. Let b; be the total demand for a product in an outlet j.

t

Transportation cost to transfer product from i to j be Sf]-.Let C;; be the profit obtained

j
per unit from store house i to outlet j. y and & are the fixed costs. The quantity of

products transported from store house i to outlet j is denoted by x;;.
Mathematical formulation of multi-objective frational transportation problem in crisp
form is stated as follows:

m n t
.. . ':12':15"xi'+y
MinimizeZ,(x) = ===
A : Ci:Xiit+6
i=1 &j=1"ij"*l

=12,.....,T

subject to

Y x = api=12,...,m,
Z‘?;l ‘xij = b]’] = 1,2,-..,”,
xj=20,i=12,..mj=12,..n

=1 a; = Y= bj(equilibriumcondition)  (2.1)
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where Z(x) = {Z(x), Z?(x),..., Z*(x)} be the t objective function vectors. We
assume that a;, b; = 0, for all i, jand Sfj,ij >0, forall i, j.
2.2. Fuzzy Multi-objective Fractional transportation problem

The parameters in equation 2.1 are exact. The cost cannot be measured exactly due to
the changes in the environment. Let Sij : Eij be the fuzzy parameter. Now equation
2.1 in fuzzy parameters is as follows:

i1 Xje Sixijty

MinimizeZ,(x) =
t At )
21 Lo Cijxij+6

=12,....,T
subjectto Z}‘zl xij =a;,i=12,..,m,
Zﬁl xij = b]l] = 1;2;"-;‘””
Xij 2 0,i=12,..mj=12,...n
Yhia = Z}lzl bj(equilibriumcondition)
where Z(x) = {Z'(x), Z%(x),..., Z¢(x)} be the t objective function vectors.
We assume that a;, b; = 0, for all i, j and Sf;,C}; = 0, for all i, j.
2.3 Model Detailing of Goal Programming

Decision vectors which are controlled by higher level decision making can be found
by the use of individual optimal solution. Fuzzy goal level in objectives also can be
determined similarly. In order to formulate the proposed fuzzy goal programming
models these two are required. Associated membership grade will characterize fuzzy
goals. We can transform them into flexible fuzzy membership goals. This can be done
by introducing deviational variables which are negative and positive d;} and
d; t=1,2..T. We assign highest membership grade as the level of aspiration for them.
In the proposed work we used 0.999 as the highest membership grade for the negative
and positive deviational variables. Deviations between achievement and aspiration
levels of our goal should be the minimum and this can be achieved by the goal
programming. Let G, be the aspiration level where t=1,2...T. Model formulation of
goal programming is given below.

L X [sfsE1xij—Gea
Minimize Z,(x) = " 51:1[6?74,]3(”_6& :

subject to Z}‘zl xij = a;, 1=1,2,...m,

t=1,2,....T

i xij=b;,j=12,..n,
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Xij >0, i=1,2,...m, j=1,2,...n.
The equilibrium condition i, a; = Y7, b; is satisfied.

Now we assume that Z, (x) = df — df + G,. Then the above problem cab be stated
as follows:

T m n + —
[s&.sP1xij—Gea
St F o
[cf e 1xij—Gea

df —d;y >0,t=12,..T.

=df —d;, t=12,..T,

2.4 Model Formulation using Min-Max Approach

Goal programming model can be solved by different methods. Weighted goal
programming method is used in Emre K. Can and Mark H. Houck[7]. Jean-Pierre
Crouzeix [12] used preemptive goal programming method to solve generalized
fractional programming. Min-max approach is a commonly used method proposed by
Zimmerman[9]. Mathematical formulation using Min-Max approach is given below

Minimize ¢
subject to Y71 x;; = a;, i=1,2,...,m,
2?;1 xij = bj, j=1,2,...,n,
Z.(x) +df —dt =G, t =1,2,...T,{ = d}, t = 1,2,..Td},df > 0d;}d;
= O,t = 1,2,...T,xij > O,Vl,]
Yiz1 a; = Xj=1 b; (equilibrium condition).

3 Modified S-curve non-linear membership function
3.1 Logistic Function

The a in our proposed method is a fuzzy parameter. It is a value which corresponds to
the degree of vagueness. The value of a lies between 0 and co. The logistic function
for proposed function with the above @ and non-linear membership function can be
expressed as follows
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(1 S<Se
B gag<gb
Ug = { 1+Ce®S (3.1)
0 S>gsb

where pg lies between 0 and 1 and it is a measure of the membership grade of S. Here
S% represents the upper value of S and S? represents the lower value of S. Shape of
our non-linear membership function is determined by the value of a which is a fuzzy
parameter. Values of B and C are constants in logistic function.

3.2 S-curve non-linear membership function

Membership function in linear form is restrictive. This demerit can be rectified by the
use of modified S-curve. It is flexible and thus it can give the measure of vagueness.
Modified S-curve membership function is a subclass of logistic function where we
have to find the specific values of B, C and a. The analytically [17] calculated values
are as B=1, C=0.001001001 and «=13.81350 . Equation for the special modified s-
curve logistic function is given as,

0999 S; =54
5 stcs.<sh
g = < 1+Ce®s Sij < Sij < Sij (3.2)
0.001 S;; =S}
0 Sij > Sh

where S;; represents the upper value of the fuzzy parameter S; ; and Sibj represents the
lower value of the fuzzy parameter S; ;- In the proposed method the fuzzy interval is

represented by [S{},Sf’j). Here the first element is crisp whereas the second element is

fuzzy . Therefore the range become fuzzy.

After we solve and get the solution, if membership value is included in the interval
[0, 1) , there wont be any difference in the solutions depending on the shape of
membership function. There wont be any difference in the solutions whether we use a
linear membership function or a non linear membership function. In any case, the
nonlinear membership function, like S-curve membership function, may conceivably
change its shape as per the parameter values. At that point the decision maker can
apply his/her system to a transportation problem utilizing these parameters. Along
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these lines, the nonlinear membership function is substantially more advantageous
than the linear ones. This particular range is selected because in transportation
problem the available supply and demand need not be 100% of the necessity. In the
meantime, the production and transportation costs won’t be zero. We have taken the
minimum value of ug as 0.001 and the maximun value of us as 0.999. This concept
have real life applications in transportation problem.

0.999 f--+

0.5

0.001

v

Fig. 1: Modified S-curve membership function

4 Main Result

4.1 Model detailing of Fuzzy Goal programming using modified S-curve non-
linear function

Fuzzy goal programming can be used to solve linear programming problems with
multiple objectives. This method was introduced by Mohammed[18] where he used
linear membership functions. In the proposed method negative deviational variable
and positive deviational variable are represented as dy and d;. The positive and
negative deviational variables lies between 0.001 and 0.999. The flexible modified S-
curve membership grade with deviational variables can be represented as follows:

s tdi —df =0999,t=12,.T (4.1)
t
1+Cea(7?_zlf)

where d; df=0.001,
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B=1, C=0.001001001,« = 13.81350. Here u varies from 0.001 to 0.999 with the
interval of 0.0499.
The corresponding min-max approach of goal programming model for the given fuzzy
problem using modified S-curve non linear membership grade is given below:
Min ¢
st % +dy —df =0.999 t=12,.T

t
aCE=h
z¢-z¢

1+Ce

B=1, C=0.001001001, « = 13.81350
(=>d; 1=1,2,..T
dfd;y=0.001
Yi=1 Xy = a;, i=1.2,..m,
Xty X =bj, j=1,2,..n,
d;,df =0
¢ <0.999
¢ >0.001
x;j = 0,i=1,2,..m, j=1,2,..n.
5 Algorithm
Step 1: Solve the transportation problem taking single objective at a time muting all
other objectives.
Step 2: Repeat step 1 until all objectives get covered.
Step 3: For each and every derived solution, find values for the objectives. Obtained
values are tabulated to get pay-off matrix which can be shown as follows

Zy(XY) | Zy(X%) Z, (X%
Xl le Z12 th
XZ ZZl Z22 Z2t
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Xt Ze Zsy Zu

Table 1: Pay-off matrix
Step 4:The best and worst values for the solutions in each and every objectives where
calculated using step 3 . They can be denoted as L, and U, respectively for the t*
objective function. The level of achievement will come to the aspired level when it is
L. Achievement will reach the maximum acceptable level at U,
Step 5: Membership function for the modified S-curve non-linear function is as
follows:

1 Z, <L,
0.999 Z, =L,
5 o Le<Ze<U,
Uz = 1-H:e13.81350(2?_25) (51)
0.001 Z, = U,
0 Z, > U,
L

t=1,2,.T

Step 6: Formulate equivalent crisp model for the first fuzzy model. This can be done
with non-linear S- curve membership functions

Step 7: Crisp model obtained by step 5 can be solved to get compromised solution
which is optimal. This can be done by various mathematical tools. In the proposed
work we used LINGO 18.0

6 Example

MinZ,(x) =
[16,17.5)x11+[19,20.5)x15+[12,13.5)x13+[22,23.5)x1 +[13,14.5)x52+[19,20.5)x,3
[20,21.5)x11+[25,26.5)%15+[15,16.5)x13+[25,26.5)X 1 +[18,19.5)x55+[25,26.5) X3

+[14,15.5)x31+[28,29.5)x3,+[8,9.5)x33
+[20,21.5)x3,+[35,36.5)X3,+[10,11.5)x33

MinZ; (x) = [15,16.5)%11+[20,21.5)x1,+[18,19.5)x13+[20,21.5) X2, +[15,16.5) x5
2 [9,10.5)x11+[14,15.5)x12+[12,13.5)x13+[16,17.5)x21 +[10,11.5) x5

+[17,18.5)xp3+[24,25.5)x31 +[25,26.5)X3,+[10,11.5) X33
+[14,15.5) %23 +[8,9.5)x31 +[20,21.5)x3,+[6,7.5) X33
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sub to

x11 + xlz + x13 = 14‘X21 + xZZ + x23 = 16X31 + X32 + X33 = 12x11 + x21 + x31
- 10x12 + xzz + .x32 == 15x13 + x23 + x33 == 17XU 2 O,l

=12,..m,j=12,..... ,N.
Solution:

Step 1: On solving Z; and Z, we get the solution as follows:

Xt = (x;=0,x,=0,x13 =14,x5; = 0,x,, = 15,x,3 = 1,x3; = 10,x3, =
0,x33 = 2)

X2 = (x;=0,x=3,%3=11,%,; = 10,x5, = 0,x53 = 6,x3; = 0,x3, =
12,%33 = 0)

Step 2: Values of the objective functions are:
Z1(X1) =0.7626904, Z, (X?) = 0.8210151, Z,(X') = 1.677618, Z,(X?) = 1.280166.
Step 3: Now we can find the lower and upper bound of Z; and Z,
7} =0.7626904, ZV = 0.8210151, Z% = 1.280166, Z¢ = 1.677618.
Step 4: Using modified S-curve membership function the corresponding crisp model
detailing is as follows:

Minimize ¢

sub to

1

71-0.7626904 + dt_ - dt =0.999

1+0.001001001e%©8210151-0.7626904

1

Z,-1280166__, +dy —dy =0.999

140.001001001e%(T677618-1280166

0<a<ow
(=>d; t=1,2
dfd; =0.001,t=1,2

x11 + x12 + x13 = 14XZ1 + xzz + x23 = 16x31 + x32 + x33 = 12x11 + le + X31 =
1OX12 + X322 + x32 = 15x13 + x23 + x33 =17 d;,dt_ = 0001

¢ <0.999

¢ >0.001

10
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xij = O,VL,]

where

[16,17.5)x11+[19,20.5)x1,4+[12,13.5)x13+[22,23.5) %21 +[13,14.5) X5, +[19,20.5) X3

Zi(x) =
1(x) [20,21.5)x11 +[25,26.5)x12+[15,16.5)x13+[25,26.5) X1 +[18,19.5) X, +[25,26.5)X53

+[14,15.5)x31+[28,29.5)x3,+[8,9.5) %33
+[20,21.5)x31+[35,36.5)x32+[10,11.5)x33

7Z,(x) = [15,16.5)x11+[20,21.5)x1,+[18,19.5)x13+[20,21.5)x2, +[15,16.5)x5
2 [9,10.5)x11+[14,15.5)x12+[12,13.5)x13+[16,17.5) X1 +[10,11.5)x5,

+[17,18.5)xp3+[24,25.5)x31 +[25,26.5)X3,+[10,11.5) X33
+[14,15.5) %23 +[8,9.5)x31 +[20,21.5)x3, +[6,7.5)x33

By assigning different values to a and p, we solve the given problem using LINGO
18.0 software.

Table 2 shows the variation of all variables, deviations and the objective values
keeping vagueness parameter, « = 13.81350 and varying degree of satisfaction, u
from 0.001 to 0.999. Here we consider interval steps of u as 0.0499. Results obtained
by varying vagueness and p is shown in table 3.

The values of x4 3, x,; andx,, are found to be zero. Values of x,3 and x35 are found to
be 16 and 1 respectively.

The values of objective functions decreases as we increase the degree of satisfaction.
It is graphically shown in figure 2 and figure 3. Variations of Z; and Z, with respect
to different vaguenesses and degrees of satisfaction are shown in figure 4 and figure 5
respectively.

11
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Table 2: Results obtained for different degrees of satisfaction
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Fig. 2: Objective function, Z; versus degree of satisfaction, u
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Fig. 3: Objective function,Z, versus degree of satisfaction, u

5 01008 0.033973 24644 11.5356 7.5356 34644 0.033973 0.029436 0.033973 0.029436 0.782643 |1.416343
5 | 02006 0.033830 29531 11.0469 7.0469 39531 0.033830 0.029560 0.033830 0.029560 0.782062 (1.412393
5 03004 0.033737 32782 10.7218 6.7218 42782 0.033737 0.029641 0.033737 0.029641 0.781670 |1.400729
5 | 04002 0.033663 35445 10.4555 6.4555 4.5445 0.033663 0.029706 0.033663 0.029706 0.781345  |1.407522
= 0.5 0.033597 3.7888 10.2112 6.2112 4.7888 0.033597 0.029765 0.033597 0.029765 0.781044 |1.405480
5 | 05998 0.033532 4.0327 9.9673 5.9673 5.0327 0.033532 0.029823 0.033532 0.029823 0.780742  |1.403424
5 0.6996 0.033462 4.2081 9.701% 5.7019 5.2981 0.033462 0.029885 0.033462 0.029885 0.780409 |1.401165
5 0.7994 0.033379 4.6211 91789 53789 5.6211 0.033379 0.029959 0.033379 0.029959 0.780000 |1.398388
5 | 08992 0.033259 51045 8.8055 4.8055 6.1045 0.033259 0.030067 0.033259 0.020067 0.779379 | 1.394167
5 0.999 0.032650 7.9096 6.0904 2.0004 8.9096 0.032650 0.030628 0.032650 0.030628 0.775541  |1.3658088
7 0001 0.037408 1.9955 12.0045 8.0045 2.9955 0.037408 0.026733 0.037408 0.026733 0.783192  |1.420072
7 | 0.loos 0.035720 4.0361 9.9639 5.9639 5.0361 0.035720 0.027994 0.035720 0.027994 0.780737 |1.403395
7 0.2006 0.035475 43826 9.6174 5.6174 53826 0.035475 0.028189 0.035475 0.028189 0.780303 | 1.400442
7 03004 0.035317 4.6131 9.3869 5.3869 5.6131 0.035317 0.028315 0.035317 0.028314 0.780010 |1.398457
7 04002 0.035192 4.8023 2.1977 5.1977 5.8023 0.035192 0.028415 0.035192 0.028415 0.779769 |1.396815
7 0.5 0.035080 49756 9.0244 5.0244 59756 0.035080 0.028507 0.035080 0.028507 0.779546 (1395300
T | 05998 0.034970 5.1489 B.8511 4.8511 6.1489 0.034970 0.028596 0.034970 0.028596 0.779322 1393777
7 0.6996 0.034853 53374 8.6626 4.6626 63374 0.034853 0.028692 0.034853 0.028692 0.779076 (1392108
T 0.7994 0.034715 5.5669 84331 44331 6.5669 0.034715 0.028806 0.034715 0.028806 0.778775 1390060
7 | 08992 0.034516 59104 8.0896 4.0896 6.9104 0.034516 0.028973 0.034516 0.028972 0.778318 |1.386965
7 0999 0.033527 7.9096 6.0904 2.0904 8.9096 0.033527 0.029827 0.033527 0.029827 0.775541  |1.368088

13
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11 0.001 0.045393 41672 9.8328 583128 5.1672 0.048393 0.020681 0.048393 0.020681 0.780574 1.402282
11 | 0.1008 0.043298 5.4543 8.5457 4.5457 6.4543 0.043298 0.023095 0.043298 0.023095 0.778923 1391067
11 | 0.2006 0.042585 5.6732 83268 43268 6.6732 0.042585 0.023481 0.042585 0.023481 0.778634 1389105
11 | 0.3004 0.042136 58190 8.1810 4.1810 6.8190 0.042136 0.023739 0.042136 0.023739 0.778441 1387790
11 | 0.4002 0.041767 5.9386 8.0614 4.0614 6.9386 0.041767 0.023933 0.041767 0.023933 0.778281 1386706
11 0.5 0.041449 6.0482 7.9518 39518 7.0482 0.041449 0.024120 0.041449 0.024120 0.778134 1385707
11 | 0.5998 0.041141 6.1578 7.8422 3.8422 7.1578 0.041141 0.024306 0.041141 0.024306 0.777987 | 1384705
11 | 0.6996 0.040813 62772 7.7228 3.7228 72772 0.040813 0.024502 0.040813 0.024502 0.777825 1383609
11 | 0.7994 0.040431 64225 75775 3.5775 74225 0.040431 0.024742 0.040431 0.024742 0.777628 1382268
11 | 0.8992 0.039870 6.6402 7.3508 33508 7.6402 0.039870 0.025077 0.039870 0.025077 0.777330 1380243
11 0999 0.037205 7.9096 6.0904 2.0904 8.9096 0.037205 0.026878 0.037205 0.026878 0.775541 1368088
13 | 0.001 0.060041 4.7480 9.2520 52520 5.7480 0.060041 0.016655 0.060041 0.016655 0.779839 1307287
13 | 0.1008 0.051279 5.8343 8.1657 41657 6.8343 0.051279 0.019514 0.051279 0.019514 0.778420 1387652
13 | 0.2006 0.050056 6.0192 7.9508 39508 7.0192 0.050056 0.019991 0.050056 0.019991 0.778173 1.385973
13 0.3004 0.049271 6.1423 78577 38577 71423 0.049271 0.020296 0.049271 0.020296 0.778008 1384847
13 | 0.4002 0.048656 6.2433 7.7567 3.7567 7.2433 0.048656 0.020552 0.048656 0.020552 0.777871 1383921
13 0.5 0.048110 63359 T7.6641 3.6641 7.3359 0.048110 0.020786 0.048110 0.020786 0.777746 1383067
13 | 0.5998 0.047580 6.4285 75715 35715 7.4285 0.047580 0.021017 0.047580 0.021017 0.777620 1382211
13 0.6996 0.047021 6.5203 74707 34707 75293 0.047021 0.021267 0.047021 0.021267 0.777482 1381276
13 | 0.7994 0.046371 6.6521 73479 33479 7.6521 0.046371 0.021576 0.046371 0.021576 0.777314 1380132
13 | 0.8992 0.045423 6.8361 7.1639 3.1639 7.8361 0.045423 0.022012 0.045423 0.022012 0.777060 1378407
13 | 0999 0.040955 7.9096 6.0904 2.0904 5.9096 0.040955 0.024423 0.040955 0.024423 0.775541 1368088

Table 3: Results obtained by varying vagueness and p
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Fig. 4: Ojective function,Z, versus degree of satisfaction for different vaguenesses.
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Fig. 5: Ojective function,Z, versus degree of satisfaction for different vaguenesses

7 Conclusion

A novel methodology for solving interval valued fractional fuzzy transportation
problem using modidifed S-curve membership function is proposed.When
information available is little or a little during planning, S-curve membership function
will come into picture for solving fractional transportation problems using fuzzy
parameters. This flexibility of membership function over linear membership functions
enables decision maker to form an apt membership functions upon his judgement.The
real effectiveness in using S-curve membership function is shown in this paper. A
study on interval valued fractional transportation problem using goal programming
approach is not yet done by researchers in relevant field. The obtained results from the
above example shows that the decision maker will get two more dimensions,
Vagueness,a and degree of satisfaction,u for making apt decision. In real life
problems degree of satisfaction wont be zero or 100 percentage. Hence we are not
considering u =0 or =1 in our problem. LINGO 18.0 is used to obtain the results.
Acknowledgement: We are thankful to the unknown reviewer for constructive as
well as creative suggestions.
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