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Abstract 

Aim of this paper is to investigate the effects of body forces on wall 

shear in mathematical models of pulsatile blood flow through a 

circular tube. The wall shear rate has been derived in terms of 

pressure gradient and body force profiles. The wall shear rates have 

been calculated for pulsatile flow of blood with and without body 

forces at twelve different locations of human cardio-vascular system. 

Experimental body force profile for some real-life situations given 

by Griffin (1990) have been converted into mathematical forms and 

presented through Figs. 2 to 5 and corresponding Fourier 

coefficients have been calculated and given through Tables-1 to 4. A 

computer program has been developed to compute numerical values 

of wall shear for different body forces. Wall shear profiles at 

different locations of a human CVS with body force have been 

compared with wall shear profiles without body force in four 

different real-life situations. 

Keywords: Body force, wall shear, pulsatile, blood, pressure gradient, transient term, 

cardio-vascular system (CVS). 
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1. Introduction 

In many real-life situations, the human body is subjected to body forces or 

vibrations, which could be intentional or unintentional. Some of the examples are 

swinging kids in a cradle for sleep or pleasure, making a subject lie down or 

vibrating tables as a therapy for heart disease, traveling in road vehicles (car, bus, 

bicycle, truck, tractor etc.), in water ships, in airplanes and fast body movements in 

sports activity (playing tennis, bowling in cricket, gymnastics etc.).  

Vibrations could be whole body vibrations (like a passenger sitting in a bus/train) or 

vibrations of a specific part of the body (operation of a jack hammer or lathe 

machine) or vibrations of body as well as specific part of body (like a driver of a car, 

bus etc. He gets whole body movement due to the motion of the car, bus, truck etc. 

and hand vibrations due to holding of steering).  

The magnitude, frequency, duration of vibrations and their orientation with respect to 

the body of the subject play a vital role in the effects of vibrations on the human body 

[Griffin (1990)]. The information about the vibrations provided by eye does not give 

a quantitative measure of its severity. It is therefore desirable to analyze the effects of 

different types of vibrations on different parts of the body.  

Such knowledge of body could be useful in the diagnosis and therapeutic treatment of 

some health problems (joint pain, vision loss and vascular disorders), design of 

protective pads and machines. It can be also useful in laying down the standards for 

the body exposure to different types of vibrations. 

Aim of the paper is to investigate the effects of body forces on blood flow and wall 

shear rate.  

2. Governing Equations of Motion 

In present model, blood is assumed as a viscous incompressible Newtonian fluid 

flowing through a long rigid tube of radius R placed along z-axis.Due to axial 

symmetry
( )

0=





, all variables are independent of  . The variation of velocity 

along the tube length is considered to be small in comparison to the rate of change of 

velocity with respect to time and radial distance. The frequency of body force is 

small so that the wave effects are neglected.  
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Fig.1: Physical Model of blood flow. 

Under these assumptions, the governing equation of motion for the flow of blood in 

the presence of body force through a rigid tube in a cylindrical polar coordinate 

system [Sud and Sekhon (1985)] is given by 
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where fand  are the density and viscosity of blood, respectively; zu  is the axial 

component of velocity, G is the body force in axial direction and r is the radial 

coordinate, 
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p is the pressure which is a function of t and z; z is axial distance, t is time and 

ppp ff ,2 =  is heart pulse frequency.  

The form of body force in terms of Fourier series [Kreyszig (2011)] is given by 

G= ( ) ( ) 
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where bbb ff ,2 =  is its frequency and m  is its phase difference. 

 



ANAND BANSAL and P.CHATURANI 

 100 

Using equations (3) and (4) into the equation (2), we get 

( ) ( ) 

( )  .
1

sin)cos(

sincos

2

2

1

1

00















+




++

++++++=










=



=

r

u

rr

u
tnBtnA

Atmbtmaa
t

u

zz
f

n

pnpn

m

mbmmbm
z





 

(4) 

 The initial and boundary conditions [Sud and Sekhon (1985)] are  

When t=0; ( )
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When t > 0 

 r =0:   ( )tu z ,0  is finite,  

 r = R:   ( )tru z ,  = 0,                                         (5) 

3. Method of Solution 

Applying Laplace transform [Sneddon (1974)] to equation (4) and using ber and bei 

functions, the expression of the velocity is given by 

54321 uuuuuu z ++++= + Transient term (
tu ),     (6) 
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4. Wall Shear  

The wall shear  is given by 
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Hence, the expression of wall shear  is obtained of the form given below  
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5. Body Force Profiles 

Griffin (1990) presented some experimental body force profiles for some 

real-life situations as given below 

(i) Body force profile for vertical vibrations on the seat of ship, during sea travel   

(
bf = 0.2 Hz), 

(ii) Body force profile for vertical head vibrations during gentle jogging(
bf = 2.24 

Hz), 

(iii) Body force profile for vertical vibrations on the seat of a tractor (
bf = 3.2 Hz), 

(iv) Body force profile for hand vibrations while operating chipping tool(
bf = 51.2 

Hz). 
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Fig.2: A comparison of experimental and mathematical forms of body force profile: 

vertical vibrations on the seat of ship, during sea travel [Griffin (1990)], 
bf

=0.2 Hz. 

 

Table-1: Values of Fourier coefficients for body force profile (in m sec-2) 

 

0a  n na  
nb  

-16.27 1 1.42 1732.53 

 2 24.20 5.78 

 3 0.96 -221.41 

 4 -18.98 3.39 

 5 -3.78 87.52 
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Fig.3: A comparison of experimental and mathematical forms of body force profile: 

vertical head vibrations during gentle jogging [Griffin (1990)], 
bf =2.24 Hz. 

 

 

Table-2: Values of Fourier coefficients for body force profile (in m sec-2) 

 

0a  n na  
nb  

8893.26 1 -6649.85 -9289.20 

 2 -2007.97 2518.24 

 3 -21.35 665.77 

 4 -616.51 -558.15 

 5 -41.25 833.75 

 

G
 (

m
/s

e
c

2
) 



Effects of body forces on wall shear in mathematical models.…. through a circular tube 

 

105 

 

 

 Fig.4: A comparison of experimental and mathematical forms of body force profile: 

vertical vibrations on the seat of a tractor [Griffin (1990)], 
bf =3.2 Hz. 

Table-3: Values of Fourier coefficients for body force profile (in m sec-2) 

0a  n na  
nb  

-986.24 1 3898.81 3819.84 

 2 3456.87 774.96 

 3 -36.29 1755.82 

 4 -1552.98 676.75 

 5 -389.68 -45.24 

 6 213.25 369.25 

 7 21.74 742.01 

 8 11.73 755.55 

 9 120.57 401.36 

 10 175.94 64.22 
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Fig.5: Experimental and Mathematical forms of body force profile: hand vibrations 

while operating chipping tool [Griffin (1990)], 
bf =51.2 Hz. 

 

Table-4: Values of Fourier coefficients for body force profile (in m sec-2) 

 

0a  n na  
nb  

145.39 1 66.50 241.13 

 2 -38.01 167.57 

 3 -64.15 -2.16 

 4 -84.95 47.77 

 5 40.09 8.57 
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(i) Effects of body force (vertical vibrations on the seat of ship) on wall 

shearprofiles. 

 

Fig.6: Wall shear profile for superficial femoral artery [Hwang and Normann (1977)] 

without body force. 

 

Fig.7: Wall shear profile for superficial femoral artery [Hwang and Normann (1977)] 

with body force (traveling in a ship). 

It is seen from Figs. 6 and 7 that wall shear assumes non-periodic, positive as well as 

negative values for body force at superficial femoral artery. 
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(ii) Effects of body force (vertical head vibrations during gentle jogging) on wall 

shear. 

 

Fig.8: Wall shear profile for common iliac artery [Hwang and Normann (1977)] 

without body force. 

 

Fig.9: Wall shear profile for common iliac artery [Hwang and Normann (1977)] with 

body force (gentle jogging). 

It is observed from Figs. 8 and 9 that wall shear is assuming periodic values at 

common iliac artery. 
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(iii) Effects of body force (vertical vibrations on the seat of a tractor) on wall shear. 

 

Fig.10: Wall shear profile for axillary artery [Hwang and Normann (1977)] without 

body force. 

 

 

Fig.11: Wall shear profile for axillary artery [Hwang and Normann (1977)] with 

body force (sitting in a tractor). 

It is observed from Figs. 10 and 11 that wall shear has periodic positive with slightly 

negative values at some points at axillary artery. 
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(iv) Effects of body force (hand vibrations while operating chipping tool) on wall 

shear. 

 

Fig.12: Wall shear profile for pulmonary artery [Milnor (1989)] without body force. 

 

Fig.13: Wall shear profile for pulmonary artery [Milnor (1989)] with body force 

(operating chipping tool). 

Figs. 12 and 13 depict that wall shear takes both positive and negative values 

withperiod 0.82 sec for pulmonary artery. 
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6. Results and Discussion 

In the literature [Womersley (1955), Lightfoot (1974), Sud and Sekhon (1985, 1986), 

Chaturani and Palanisamy (1991), Mishra (2010), Bessonov (2016) etc.], ideal form 

of inputs (pressure gradient and body force) has been used. But in this paper, better 

pressure gradient [Bansal (2005)] and body force profiles [Griffin (1990)] are used.  

Sud and Sekhon (1985) obtained exact analytic solution for velocity in terms of 

Bessel functions of the first kind with a complex argument. They did not derive 

expression of wall shear from exact solutions and obtained approximate solutions. In 

the present work, exact analytic expression for wall shear is obtained in real form by 

using ber and bei functions. 

Experimental body forces given by Griffin (1990) are converted into mathematical 

forms and presented through Figures. Fourier coefficients of body force profiles are 

given through Tables. The expression of wall shear is obtained for pulsatile flow with 

and without body force. Wall shear profiles are obtained at different locations in 

human CVS by using four different body forces. 

7. Conclusions 

Analytic solutions for velocity and wall shear have been obtained by using Laplace 

transform technique and Bessel functions theory. Experimental body forces given by 

Griffin (1990) have been converted into mathematical formsand presented through 

Figs. 2 to 5 and corresponding Fourier coefficients have been calculated and given 

through Tables-1 to 4. 

Thus, obtained mathematical form of body forces can be readily used as input in 

mathematical models to study the effect of body forces on pulsatile flow of blood for 

human beings. A computer program in C++ Language is developed to compute 

numerical values of wall shear with different body forces and without body forces. 

Effects of body forces on wall shear profiles in in human CVS are presented through 

figures. Wall shear profiles with four different body forces are compared with wall 

shear profile without body force. For very low frequency (fb = 0.2 Hz), of body force, 

wall shear rate appears to be decrease rapidly.  

The time period of wall shear without body forces is about one second, while the 

time period of wall shear with body forces depends upon frequencies of body forces. 

For different body forces, different time periods of wall shear profiles are observed. 

So, body force can be used to reduce the time period of wall shear. Body force can 

also be used to increase the frequency of wall shear, which may cause wall muscle 

fatigue.  
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Hence, it is noticed that body force controls the form of the wall shear profiles. Body 

force alters the negative velocity duration. This in turn gives a control on back flow 

regions, their duration and size. The time and size of back flow regions play an 

important role in many arterial diseases [Young (1979)]. 
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