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Abstract 

 

The present article addresses steady incompressible nanofluid flow in non-linear 

stretching boundary layer with thermal radiation and viscous dissipation. The 

model equations are treated using the novel technique of spectral quasi-

linearization to ascertain of several parameters of interest including the residual 

error, Nusselt number and Sherwood number. This study has immense 

application in various scientific, industrial, biomedical and technological 

fields.The accuracy and convergence of the numerical scheme is tested by 

means of residual error analysis, which shows that the method is robust enough 

to give rapidly convergent solutions. The validity of the results have also been 

confirmed by comparing the present numerical results, in the limiting case, with 

published results in literature. An excellent agreement is observed.  

Keywords: MHD, variable viscosity, variable thermal conductivity, free convection, heat and 

mass transfer. 

2010 AMS classification: 76M25 

 

1. Introduction 

Boundary layer flow induced by a stretching sheet finds its applications in various engineering 

and as well as technological processes such as manufacturing and extrusion of polymers, 

rubber sheets, glass fibre and so on. The characteristics of such boundary layer flow of a 

Newtonian fluid over a stretching surface was first investigated by Crane [1] in 1970. 

Following the work of Crane, different flow aspects of this problem had been studied by 
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several authors as well. However, in the Newtonian theory, fluid is regarded as a continuous 

the fact of ignoring the size of fluid particles. As a consequence, in practical fields, the above 

mentioned assumption may not reflect the real characteristics of the flow. The use of 

conception of nanofluid is a step in this direction. Nanofluids contain suspensions of solid 

particles of nanometer size in a base fluid. It is well known that such suspension of small 

particles in a base fluid can considerably enhance its thermal conductivity and strengthen the 

characteristic of heat transmission of the fluid. The first investigation on nanofluid flow past a 

stretching sheet can be found in the work of Khan and Pop [2]. The flow behaviour as well as 

heat transfer on a shrinking sheet also attracted attention of many researchers. Further, 

research was enhanced to study the flow characteristics due a non-linearly stretching or 

shrinking sheet [3-5]. 

The flow has significant impact in traditional power generation, solar energy, nuclear reactors, 

as well as manufacturing of various industrial equipment. Awan et al. [6] analysed thermal 

radiation as well as viscous dissipation effects on MHD nanofluid flow past a permeable 

stretched/ shrinked surface. MHD couple stress liquid flow was discussed by Reddy et. al.[7]. 

Literature connecting these issues are presented in the references [8-12]. 

In the current investigation, the authors inspect the dynamics of MHD non-linear stretching 

sheet on nanofluid flow with injection or suction and thermal radiation. The solutions for the 

dynamics of flow over a wall for residual error of velocity, temperature and mass transfer 

profiles have been computed numerically by using spectral based quasi-linearzation method. 

Effects of different pertinent parameters have been presented and discussed. Various 

comparison tables of computed results with data available in literature are also displayed. 

 

2   Mathematical Formulations 

 Here we consider the nanofluid model flow with the account of viscous dissipation 

over a surface having stretching velocity. The fluid medium is dissipative and characterized by 

fluid friction with nanofluids. The 𝑥-axis is measured along with the surface, and the 𝑦-axis is 

vertical to it (See Figure 1). Under the above-mentioned assumptions, the Navier Stoke 

equation of momentum governing the flow and conservation of energy of a non-Newtonian 

nanofluid in the presence of viscous dissipation is considered in this model.  
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  Figure  1: Geometry of the problem 

 

The basic equations of motion, heat and mass transportation are modelled as: 

  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                                                                                              (1)  
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     𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2 + (
𝐷𝑇

𝑇∞
)

𝜕2𝑇

𝜕𝑦2                                                                                          (4) 

  The conditions to be saitisfied at the boundary are 

𝑢 = 𝑢𝑤 = 𝑎𝑥𝑛,    𝑣 = 0,    𝑇 = 𝑇𝑤 ,    𝐶 = 𝐶𝑤    𝑎𝑡    𝑦 = 0 

                                 𝑢 = 𝑣 = 0,    𝑇 = 𝑇∞    𝐶 = 𝐶∞    𝑎𝑠    𝑦 → ∞                                         (5) 

 

Here, 𝑢 and 𝑣 denote the velocity components along the 𝑥 and 𝑦 axes  is the density 

of the base fluid, 𝐷 𝐵 is the Brownian diffusion coefficient, 𝐷𝑇  is the thermophoresis diffusion 
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coefficient, (𝜌𝐶)𝑝 is the heat capacitance of the nanoparticles, (𝜌𝐶)𝑓 is the heat capacitance 

of the base fluid, 𝛼𝑚 is the thermal diffusivity and 𝜏 = (𝜌𝐶)𝑝/(𝜌𝐶)𝑓 is the ratio between the 

effective heat capacity of the nanoparticle material and heat capacity of the fluid, 𝜇 is the 

dynamic viscosity, 𝜈 is the kinematic viscosity, 𝐾 is the permeability of the porous medium 

and 𝑘 is the thermal conductivity. 

 

3  Non-dimensionalisation 

   To apply a similarity transformation, the variables introduced in this study are :   

 𝜂 = 𝑦√
𝑎(𝑛+1)

2𝜈
𝑥

𝑛−1

2 , 𝑢 = 𝑎𝑥𝑛𝑓′(𝜂), 𝑣 = −√
𝑎(𝑛+1)𝜈

2
𝑥

𝑛−1

2 [𝑓(𝜂) +
𝑛−1

𝑛+1
𝜂𝑓′(𝜂)], 

   

 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
                                                          (6) 

 

By introducing the above similarity transformation parameters, the governing 

equations (1) - (4) and the boundary conditions (5) are transformed as 

  

 𝑓′′′ + 𝑓𝑓" − (
2𝑛

𝑛+1
)𝑓′2 = 0                                                                       (7) 

 

  

 
1

𝑃𝑟
𝜃" + 𝑓𝜃′ + 𝑁𝑏𝜃′𝜙′ + 𝑁𝑡𝜃′2 +

2

𝑛+1
𝐸𝑐𝑘1𝑓′2 + 𝐸𝑐𝑓"2 = 0             (8) 

 

  

 𝜙" + 0.5𝐿𝑒𝑓𝜙′ +
𝑁𝑡

𝑁𝑏
𝜃" = 0                                                                      (9) 

 

and 

  

 𝑓 = 𝑆, 𝑓′ = 𝜆, 𝜃 = 1, 𝜙 = 0   𝑎𝑡   𝜂 = 0, 
   

 𝑓′ = 0, 𝜃 = 0, 𝜙 = 0   𝑎𝑠   𝜂 → ∞.                                                     (10) 

 

Here, 𝑆 is the suction/injection parameter, 𝜆 is the stretching/shrinking parameter, 

𝑃𝑟 =
𝜈

𝛼
 is the Prandtl number, 𝐸𝑐 = 𝑢𝑤

2 /[(𝐶𝑝)𝑓(𝑇𝑤 − 𝑇∞)] is the Eckert number, 𝐿𝑒 =
𝜈

𝐷𝐵
 is 
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the Lewis number, 𝑁𝑏 =
(𝜌𝐶)𝑝𝐷𝐵(𝐶𝑤−𝐶∞)

(𝜌𝐶)𝑓𝜈
 is the Brownian motion parameter, 𝑁𝑡 =

(𝜌𝐶)𝑝𝐷𝑇(𝑇𝑤−𝑇∞)

(𝜌𝐶)𝑓𝜈𝑇∞
 is the thermophoresis parameter, 𝑘1 =

𝜈

𝑘𝑎
 is the porous parameter. 

  The parameters of practical interest in the present work are the local Nusselt number 

𝑁𝑢𝑥 and the local Sherwood number 𝑆ℎ𝑥, given by, 

  

 𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
, 𝑆ℎ𝑥 =

𝑥𝑞𝑚

𝐷𝐵(𝐶𝑤−𝐶∞)
                                               (11) 

 

where 𝑞𝑤 and 𝑞𝑚 represent the heat and mass fluxes at the surface. 

The associated expressions of dimensionless local Nusselt number and local 

Sherwood number may be written as:   

√
2𝜈

𝑎
𝑁𝑢𝑥 = −√𝑛 + 1𝑥

𝑛+1

2 𝜃′(0)                                                                            (12) 

 

  

√
2𝜈

𝑎
𝑆ℎ𝑥 = −√𝑛 + 1𝑥

𝑛+1

2 𝜙′(0)                                                                               (13) 

4  Method of Solution 

   The similarity technique transforms our equations into highly non-linear ordinary 

differential equations (7)-(9), which do not possess any analytical solution.The novel spectral 

quasi-linearization method (SQLM) has been deployed in the present work to solve the 

equations (7)-(9) with the associated boundary conditions represented by equation (10). The 

quasi-linearization technique, which is known to be a generalization of the Newton’s method, 

linearizes the governing equations. The well-known spectral technique is then employed to 

obtain a solution of the linearized equations. The principle idea is to discretize the domain and 

then apply a global approach to interpolate the data. The detailed procedure is described in the 

next section.  

5  Numerical Scheme 

The Newton-Raphson method is the basic principle of the quasi-linearization method 

(QLM). Applying the quasi-linearization method to equations (7)–(9) with boundary 

conditions (10), we obtain the iterative schemes:  
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 𝑎0,𝑟𝑓𝑟+1
′′′ + 𝑎1,𝑟𝑓𝑟+1

′′ + 𝑎2,𝑟𝑓𝑟+1
′ + 𝑎3,𝑟𝑓𝑟+1 = 𝑅𝑓 ,                                   (14) 

 𝑏0,𝑟𝜃𝑟+1
′′ + 𝑏1,𝑟𝜃𝑟+1

′ + 𝑏2,𝑟𝑓𝑟+1 + 𝑏3,𝑟𝑓𝑟+1
′ + 𝑏4,𝑟𝑓𝑟+1

′′ + 𝑏5,𝑟𝜙𝑟+1
′ = 𝑅𝜃 ,  (15) 

 𝑐0,𝑟𝜙𝑟+1
′′ + 𝑐1,𝑟𝜙𝑟+1

′ + 𝑐2,𝑟𝑓𝑟+1 + 𝑐3,𝑟𝜃𝑟+1
′′ = 𝑅𝜙,                               (16) 

 subject to  

 𝑓𝑟+1(0) = 𝑠, 𝑓𝑟+1
′ (0) = 𝜆, 𝜃𝑟+1(0) = 1, 𝜙𝑟+1(0) = 1, 

 𝑓𝑟+1
′ (∞) = 0, 𝜃𝑟+1(∞) = 0, 𝜙𝑟+1(∞) = 0.                                              (17) 

 

The coefficients in equations (14)–(16) are  

 𝑎0,𝑟 = 1, 𝑎1,𝑟 = 𝑓𝑟 , 𝑎2,𝑟 = −(4𝑛/(𝑛 + 1))𝑓𝑟
′, 𝑎3,𝑟 = 𝑓𝑟

′′,                              (18) 

 𝑏0,𝑟 =
1

𝑃𝑟
, 𝑏1,𝑟 = 𝑓𝑟 + 𝑁𝑏𝜙𝑟

′ + 2𝑁𝑡𝜃𝑟
′ , 𝑏2,𝑟 = −2𝐸𝑐𝑓𝑟

′′, 

  𝑏3,𝑟 = (4/(𝑛 + 1))𝐸𝑐𝑘1𝑓𝑟
′, 𝑏4,𝑟 = −𝜃𝑟

′ , 𝑏5,𝑟 = 𝑁𝑏𝜃𝑟
′ ,                              (19) 

  𝑐0,𝑟 = 1, 𝑐1,𝑟 = 0.5𝐿𝑒𝑓𝑟 , 𝑐2,𝑟 = 0.5𝐿𝑒𝜙𝑟
′ , 𝑐3,𝑟 =

1

𝐿𝑒

𝑁𝑡

𝑁𝑏
                                (20) 

 

The Chebyshev pseudo-spectral method is then used to solve the system of equations 

with the Gauss-Lobatto points, 

 𝑥𝑖 = cos (
𝜋𝑖

𝑁
) , 𝑖 = 0,1,2, … , 𝑁      − 1 ≤ 𝑥𝑖 ≤ 1,                                         (21) 

 where 𝑁 represents the number of collocation points. A linear transformation formula is used 

to transfer the interval [0, 𝐿] to [−1,1] , where 𝐿 represents the boundary condition at infinity. 

The derivatives with respect to 𝜂 are expressed is terms of the Chebyshev 

differentiation matrix, and are given by  

 
𝑑𝑓𝑟

(𝑝)

𝑑𝜂𝑝 |𝜂=𝜂𝑗
= ∑𝑁

𝑘=0 𝐷𝑗𝑘𝑓(𝜂𝑘) = 𝐷𝐹,   𝑗 = 1,2, … , 𝑁,                    (22) 

 where 𝐹 = [𝑓(𝜂0), 𝑓(𝜂1), 𝑓(𝜂2), … , 𝑓(𝜂𝑁)]𝑇 represents the vector at 𝑁 and 𝐷 = 2𝐷/𝐿, 𝐷 

being the Chebyshev differentiation matrix. The derivative of the order 𝑝 can be written as  

 𝐹𝑟
(𝑝)

= 𝐷𝑝𝐹.           (23) 

Spectral collocation is applied at iteration 𝑟 by using the differentiation matrix 𝐷 to 

approximate the derivative of the unknown yielding 

 

 𝐴1,1𝑓 + 𝐴1,2𝜽 + 𝐴1,3𝝓 = 𝑅𝑓 ,                                                                      (24) 

 𝐴1,2𝑓 + 𝐴2,2𝜽 + 𝐴2,3𝝓 = 𝑅𝜃 ,                                                                      (25) 

 𝐴1,3𝑓 + 𝐴2,3𝜽 + 𝐴3,3𝝓 = 𝑅𝜙.                                                                      (26) 

 

where 𝐴𝑖,𝑗 is a diagonal matrix, which can be defined as being (𝑁 + 1) × (𝑁 + 1), 

and 𝑓 is the value of 𝑓, and 𝜽 and 𝝓 are the values of the 𝜃 and 𝜙, respectively. Now applying 
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the spectral quasi-linearization method (SQLM) scheme to Equations (24)–(26); these can be 

expressed in matrix form as  

 [

𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

] [

𝐹𝑟+1

Θ𝑟+1

𝜙𝑟+1

] = [

𝑅𝑓

𝑅𝜃

𝑅𝜙

].                                                   (27) 

 

6   Results and Discussions 

   This section presents an analysis of the results obtained through the current 

numerical investigation. Firstly, to test the reliability and efficiency of the method of spectral 

quasi-linearization, error analysis has been performed. 

Figure 2 depicts the over-all errors obtained in computation of the velocity, 

temperature and concentration profiles. One may observe that the error, in each case, reduces 

to the order of 10−10 or even less in only 5 iterations and it further indicates that the method is 

both stable and convergent. The residual errors in computation of the velocity function for 

different values of the suction parameter S and stretching parameter 𝜆 are plotted in the figures 

3(a) and 3(b). It may be again observed that the present numerical technique of spectral quasi-

linearization is highly accurate with quite high rate of convergence. Figure 3(a) shows that for 

different values of S, the residual error diminishes to the order of less than 10−7 in as little as 

3 iterations and reaches stability. It may be also noted from figure 3(b) that as we vary the 

stretching parameter, the error drops to that order in 4 iterations. The residual errors obtained 

in the velocity, temperature and concentration profiles are displayed in figures 4(a)-4(c) for 

different values of the non-linear stretching parameter 𝑛 which again confirms the accuracy 

and reliability of SQLM. The effect of the thermophoresis parameter on residual error as we 

compute the temperature and concentration profiles are demonstrated in figures 5(a) and(b). In 

figure 5(c), residual error obtained in calculation of the concentration profile has been plotted 

for various values of the Lewis parameter. It may be noticed from figure 5 that convergence to 

the order of 10−10 has been achieved in 4 iterations and stability has also been attained. 

Next, to get an insight of the physical relevance of the flow problem considered in 

this study, thorough investigation has been done for different values attained by the non-

dimensionalised flow parameters under concern and the results thus obtained are illustrated 

graphically. The variations in local Nusselt number 𝑁𝑢𝑥 and Sherwood number 𝑆ℎ𝑥 with 

Eckert number 𝐸𝑐 for several values of the Brownian motion parameter 𝑁𝑏 have been 

demonstrated in figures 6(a) and 6(b). It may be noted that Nusselt number diminishes with a 

rise in 𝐸𝑐 whereas the Sherwood number shows an increasing behaviour with 𝐸𝑐 for a specific 

value of 𝑁𝑏. It may be further observed that Nusselt number also decreases with an increment 

in 𝑁𝑏 while the Sherwood number shows a positive correlation with 𝑁𝑏. The effect of varying 

thermophoresis parameter 𝑁𝑡 on Nusselt and Sherwood numbers is displayed in figures 7(a) 
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and 7(b). It may be noticed that both 𝑁𝑢𝑥 and 𝑆ℎ𝑥 diminish with increasing values of 𝑁𝑡. This 

essentially means that the local heat transfer rate falls with an increment in both the Brownian 

motion parameter as well as thermophoresis parameter. The mass transfer rate is however 

enhanced with the Brownian motion parameter while it shows a decreasing trend with 

increment in the thermophoresis parameter. 

To authenticate the precision of spectral quasi-linearization method used in the 

present study, a comparison of the results obtained in this investigation with that available in 

literature is highlighted in the following tables: 

  

Table  1: Comparison of local Nusselt number for 𝑃𝑟 = 1 and different values of 𝑛 

  

  𝑛    𝐶𝑜𝑟𝑡𝑒𝑙𝑙  [3]    𝑅𝑎𝑛𝑎  𝑎𝑛𝑑   

𝐵ℎ𝑎𝑟𝑔𝑎𝑣𝑎  [4]   

  𝑃𝑟𝑒𝑠𝑒𝑛𝑡  𝑅𝑒𝑠𝑢𝑙𝑡   

 0.2   0.610262   0.6113   0.61449496  

0.5   0.595277   0.5967   0.60599064  

1.5   0.574537   0.5768   0.59516156  

3.0   0.564472   0.5672   0.59016589  

10.0   0.554960   0.5578   0.58551692  

Table  2: Comparison of −𝜃′(0) and −𝜙′(0) for various 𝑆 and 𝜆 with 𝑛 = 2, 𝐿𝑒 = 2, 𝑁𝑡 =

0.5, 𝑁𝑏 = 0.5, 𝑃𝑟 = 6.2 

  

  𝑆   𝜆    𝑍𝑎𝑖𝑚𝑖  𝑒𝑡  𝑎𝑙.  [5]       𝑃𝑟𝑒𝑠𝑒𝑛𝑡         𝑅𝑒𝑠𝑢𝑙𝑡   

      −𝜃′(0)  −𝜙′(0)   −𝜃′(0)   −𝜙′(0)  

 2.5   −0.5   6.991104   −4.682871   6.99104889   −4.68281517 

−   2.0   6.607723   −3.559146   6.60771963   −3.55915015  

3.0   −0.5   8.330163   −5.484811   8.33001207   −5.48465592  



 

 

EFFECTS OF  BOUNDARY LAYER FLOW IN VISCOUS NANOFLUID 

25 
 

−   2.0   7.984141   −4.499616   7.98427325   −4.49974005  

3.5   −0.5   9.681430   −6.311584   9.68106251   −6.31119009  

   2.0   9.366247   −5.434047   9.36622878   −5.43398060  

4.0   −0.5   11.038769   −7.151368   11.03770902   −7.15024434  

   2.0   10.750182   −6.361137   10.74931473   −6.36020794  

5.0   −0.5   13.762687   −8.851615   13.75790017   −8.84679234  

   2.0   13.517489   −8.194724   13.51322770   −8.19062310  

  

 

The values of the local Nusselt number as obtained by our spectral quasi-linearization 

method, in absence of the Brownian motion and thermophoresis parameters for 𝑃𝑟 = 1 and 

different values of 𝑛, have been tabulated in Table 1. Excellent agreement may be noticed 

with the results of Cortell [3] and Rana and Bhargava [4]. The values attained by the local 

Nusselt number as well as Sherwood number for 𝑛 = 2, 𝐿𝑒 = 2, 𝑁𝑡 = 0.5, 𝑁𝑏 = 0.5, 𝑃𝑟 =

6.2 and different suction/injection parameter 𝑆 with stretching/shrinking parameter 𝜆 have 

been displayed in Table 2. The computed results once again excellently agree with those of 

Zaimi et al. [5]. 
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Figure  2: Error profiles of velocity, temperature and concentration functions 

   

  

  

Figure  3: Residual error in velocity profiles for various values of 𝑆 and 𝜆  
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Figure  4: Residual error in velocity, temperature and concentration profiles for various values 

of 𝑛.  

  

 

 

Figure  5: Residual error in temperature and concentration profiles for different values of 𝑁𝑡 

and 𝐿𝑒.  
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Figure  6: Variations in local Nusselt number and Sherwood number with 𝐸𝑐 for various 

values of 𝑁𝑏. 

   

Figure  7: Variations in local Nusselt number and Sherwood number with 𝐸𝑐 for various 

values of 𝑁𝑡. 
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7  Conclusion 

 A steady MHD flow of a nanofluid across a non-linear stretching sheet has been theoretically 

scrutinized. Additionally this literature includes radiative and mixed convective features of the 

stream. Leading equations have undergone dimensionless appearance via similarity approach 

and have been solved using innovative SQLM scheme. Error analysis of the numerical study 

has also been employed and examined from sensible judgement. Based on the entire 

investigation, the key findings are as follows: 

(i)The over-all errors in the computation of velocity, temperature and concentration 

profiles drop to the order of 10−10 or even less in 5 iterations. 

(ii) The heat transfer rate shows a negative correlation with both the Brownian 

motion parameter as well as thermophoresis parameter. 

(iii)The rate of mass transfer is enhanced with an increment in the Brownian motion 

parameter. However, it shows a decreasing trend with increase of the thermophoresis 

parameter. 
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