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Abstract 

 

The wholesome theme of this present paper is to derive certain 

interesting results of general class of polynomials and its relation 

with Saigö fractional operators of multivariable H-functions, as the 

author has tried his best. Very fast, we established two results that 

given the product of multivariable H-functions and a general class of 

polynomials that have been given in Saigö operators.  Because of the 

general nature of the Saigö operator, a general class of polynomials 

and multivariable H-functions, a large number of new and well-

known results involving Riemann-Liouville and Erdélyi-Kober, 

fractional differential operators and several special functions 

notably generalized Mittag-Leffler function and Wright 

hypergeometric function, Whittaker function, etc. follow as special 

cases of our main result. 
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1. Introduction and Preliminaries  

Fractional differential operators involving special functions have found significant 

importance and applications in various sub-field of applicable mathematical 

analysis. In the last four decades, some workers like Love [7], McBride [5], Ram 

and Kumar [13],  Khan [6], Kalla and Saxena [21], Saigö [18], Kilbas and Sebastian 

[4],  Saxena et al.  [19],  Kiryakova  [24,25]  and  Kilbas  [1],  etc., have studied in 

the depth of properties, applications and different extensions of various 

hypergeometric operators of fractional differentiation. A detailed account of such 

operators along with their properties and applications can be found in the research 

monographs by  Samko,  Kilbas and  Marichev  [22],  Miller and  Ross  [14],  

Kiryalova  [24,25], Kilbas,  Srivastava, and  Trujillo  [9]  and  Debnath and  Bhatta  

[1]. Generalization of the hypergeometric fractional differentials, including the Saigö 

operator [16, 17, 18], has been introduced by Samko et al. [22],  and  Kilbas and  

Saigö  [3]  as follows: The multivariable  H-functions,  introduced by  Srivastava 

and Panda [8], is an extension of the multivariable G-functions. The multivariable 

H-functions includes Fox’s H-function, Meijer’s G-function, the generalized 

Lauricella function of Srivastava and Daoust [11], Apell function, the Whittaker 

function as so on. The multivariable H-functions is defined and represented in the 

following manner: 

 

𝐻[𝑧1, …… , 𝑧𝑟]=𝐻𝑝,𝑞∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟

0,𝑛∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟

 

 

[

𝑧1

.

..
𝑧𝑟

|

(aj,𝛼𝑗
(1)

, … , 𝛼𝑗
(𝑟)

)
1,𝑝

:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,𝑞

:

(𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

(𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

]               

=   
1

(2𝜋𝑖)𝑟
∫ …

 

𝐿1
∫ 𝜙𝑖(𝜉1)…

 

𝐿𝑟
𝜙𝑟(𝜉𝑟) 𝜓(𝜉1, … , 𝜉𝑟)𝑧1

𝜉1 , … , 𝑧𝑟
𝜉𝑟𝑑𝜉1 …𝑑𝜉𝑟,   (1.1) 

where 𝑖 = √−1   and      

                𝜓(𝜉1, … , 𝜉𝑟) =
∏ 𝛤 (1 − 𝑎𝑗 + ∑  𝛼𝑗

(𝑖)
 𝜉𝑖

𝑟
𝑖=1 )𝑛

𝑗 = 1

∏ 𝛤(𝑎𝑗 − ∑  𝛼
𝑗
(𝑖)𝑟

𝑖 = 1  𝜉𝑖)
p 
𝑗 = 𝑛+1

 ∏ 𝛤 (1 − 𝑏𝑗 + ∑ 𝛽
𝑗
(𝑖)

 𝔯
𝑖 = 1 𝜉𝑖)

𝑞
𝑗 = 1

,   

                                                  𝛽𝑗
(1)

= 𝛽𝑗
(′)   , 𝛽𝑗

(2)
= 𝛽𝑗

(′′)                                     (1.2) 

𝜙𝑖(𝜉𝑖)   =
∏ 𝛤 (𝑑𝑗

(𝑖)
 − 𝛿𝑗

(𝑖)
 𝜉𝑖) ∏ 𝛤 (1 − 𝑐𝑗

(𝑖)
 + 𝛾𝑗

(𝑖)
 𝜉𝑖)

ni
𝑗=1

mi
𝑗=1

∏ 𝛤 (1 − 𝑑
𝑗
(𝑖)

+ 𝛿
𝑗
(𝑖)

 𝜉𝑖) ∏ 𝛤 (𝑐
𝑗
(𝑖)

−𝛾
𝑗
(𝑖)

 𝜉𝑖)
pi
𝑗=ni + 1

    
qi
𝑗 = mi + 1

 ,  for all 𝑖 𝜖 (1, … , 𝑟). (1.3)                  

The M-Series is a particular case of  �̅�-function of Inayat Hussain. Some properties 

and applications of M-Series and its special cases have been studied by [1], [3], [14]. 
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Comprehensive M-function play an important role in the solution of integral 

equations and fractional order differential. Recently, generalized of M-Series as the 

function is defined by in terms of the power series 

𝑀𝑞
𝛽

𝑝
     𝛼 (𝑎↿, … , 𝑎𝑝; 𝑏1, … , 𝑏𝑞; 𝑧) = 𝑀𝑞

𝛽
𝑝
𝛼 (𝑧) = ∑

(𝑎1)𝑘…(𝑎𝑝)
𝑘

(𝑏1)𝑘…(𝑏𝑞)
𝑘

∞
𝑘=0

𝑧𝑘

𝛤(𝛼𝑘+𝛽)
,                 (1.4) 

  𝑧, 𝛼, 𝛽 ∈ ℂ,ℜ(𝛼) > 0,  where, 𝑧, 𝜗, 𝜇 𝜖 ℂ,ℜ(𝜗) > 0 𝑎𝑛𝑑 (𝑎𝑗)𝑘
𝑎𝑛𝑑 (𝑏𝑗)𝑘

 are known 

as Pochhammer symbols. 

2. Fractional Calculus Operators 

Let The generalized fractional differential operators were defined and investigated by  

Saigö  [18]  as  follow 

                     (𝐷0+
𝛼,𝛽,𝜂

𝑓) (𝑥) = (
𝑑

𝑑𝑥
)
𝑛
(𝐼0+

(−𝛼+𝑛,−𝛽−𝑛,𝛼+𝜂−𝑛)
𝑓) (𝑥)                          (2.1)                                         

                                                (0 ≤ 𝑅𝑒(𝛼), 𝑛 = [𝑅𝑒(𝛼)] + 1)                                                       

                               (𝐷−
𝛼,𝛽,𝜂𝑓)(𝑥) = (

−𝑑

𝑑𝑥
)
𝑛
(𝐼−

(−𝛼+𝑛,−𝛽−𝑛,𝛼+𝜂)𝑓)(𝑥)                      (2.2)                             

(0 ≤ 𝑅𝑒(𝛼), 𝑛 = [𝑅𝑒(𝛼)] + 1) 

where 𝛼, 𝛽, 𝜂 ∈ ℂ, 0 < 𝑅𝑒(𝛼) and  (𝐷 0+
𝛼,𝛽,𝜂

) , ( 𝐷−
𝛼,𝛽,𝜂)  

 are known to us as 

fractional differential generalized operators presented by Saigö [18]. 

When  𝛽 = −𝛼  the above operators (1.1) and (1.2) reduce to the following classical 

Riemann-Liouville fractional differential operators of order  𝛼 ∈ ℂ, (𝑅𝑒(𝛼) ≥ 0)[2, p. 

80, Eqs. (2.2.3), (2.2.4)]: 

                      (𝐷0+
𝛼,−𝛼,𝜂

𝑓)(𝑥) = {𝐷0+
𝛼, 𝑓}{𝑥} ≡ {

𝑑

𝑑𝑥
}
𝑛 1

Γ{𝑛−𝛼}
∫

𝑓{𝑡}𝑑𝑡

{𝑥−𝑡}{𝛼−𝑛+1},   
𝑥

0
         (2.3)                

(0 < 𝑥, 𝑛 = [𝑅𝑒(𝛼)] +    1) 

  and    (𝐷−
𝛼,−𝛼,𝜂𝑓)(𝑥) = (𝐷−

𝛼,𝑓)(𝑥)   ≡ (
−𝑑

𝑑𝑥
)
𝑛 1

Γ(𝑛−𝛼)
∫

𝑓(𝑡)𝑑𝑡

(𝑥−𝑡)(𝛼−𝑛+1) ,
∞

𝑥
                 (2.4)                                                                  
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                               (0 < 𝑥, 𝑛 = [𝑅𝑒(𝛼)] + 1).                               

Again, if 𝛽 = 0  the operators (1.1) and (1.2) reduce to as the Erdélyi-Kober 

fractional differential operators defined below [2, p. 109, Eqs. (2.6.35) (2.2.36)]: 

           (𝐷0+
𝛼,0,𝜂

𝑓)(𝑥) = (𝐷𝜂,𝛼
0+𝑓)(𝑥) ≡  𝑥−𝜂 (

𝑑

𝑑𝑥
)
𝑛 1

Γ(𝑛−𝑎)
∫

𝑡(𝛼+𝜂)𝑓(𝑡)𝑑𝑡

(𝑥−𝑡)(𝛼−𝑛+1) ,
𝑥

0
               (2.5)                       

(0 < 𝑥, 𝑛 = [𝑅𝑒(𝛼)] + 1) 

   and (𝐷−
𝛼,0,𝜂𝑓)(𝑥) = (𝐷𝜂,𝛼

− 𝑓)(𝑥) ≡ 𝑥(𝛼+𝜂) (
−𝑑

𝑑𝑥
)
𝑛 1

Γ(𝑛−𝑎)
∫

𝑡−𝜂𝑓(𝑡)𝑑𝑡

(𝑡−𝑥)(𝛼−𝑛+1) ,
∞

𝑥
           (2.6)      

                                     (0 < 𝑥, 𝑛 = [𝑅𝑒(𝛼)]) .                                                                                                

The following lemma is required in the proof of our main results (see [4]): 

Lemma 2.1 Let 𝛼, 𝛽, 𝜂 𝜖 ℂ. 𝐼𝑓  0 ≤ 𝑅𝑒(𝛼), −𝑚𝑖𝑛[0, 𝑅𝑒(𝛼, 𝛽 + 𝜂)] < 𝑅𝑒(𝜎)then                    

                     (𝐷0+
𝛼,𝛽,𝜂

𝑡𝜎−1) (𝑥) = 𝑥𝜎+𝛽+1 𝛤𝜎  𝛤(𝜎+𝛼+𝛽+𝜂)

𝛤(𝜎+𝛽)𝛤(𝜎+𝜂)
,   𝑥 > 0 .                       (2.7)                              

In particular, for 𝑥 > 0, 

            (𝐷0+
𝛼, 𝑡𝜎−1)(𝑥) = 𝑥(𝜎−𝛽−1) 𝛤𝜎

𝛤(𝜎−𝛼)
   (0 ≤ 𝑅𝑒(𝛼), 𝑅𝑒(𝜎) > 0).                 (2.8)                                       

                                 (𝐷𝜂,𝛼
+ 𝑡𝜎−1)(𝑥) = 𝑥𝜎−1 𝛤(𝜎+𝛼+𝛽+𝜂)

𝛤(𝜎+𝜂)
                                       (2.9)                    

                          (0 ≤ 𝑅𝑒(𝛼), − 𝑅𝑒(𝛼 + 𝜂) < 𝑅𝑒(𝜎)).                         

 Lemma 2.2 Let 𝛼, 𝛽, 𝜂 𝜖 ℂ. 𝐼𝑓   0 ≤ 𝑅𝑒(𝛼), (1 + 𝑚𝑖𝑛[𝑅𝑒(−𝛽 − 𝜂), 𝑅𝑒(𝛼 +

𝜂)]) > 𝑅𝑒(𝜎),    𝑛 = 𝑅𝑒(𝛼) + 1 then 

     (𝐷−
𝛼,𝛽,𝜂𝑡𝜎−1)(𝑥) = 𝑥𝜎+𝛽−1 𝛤(1−𝜎−𝛽)𝛤(1−𝜎+𝛼+𝜂)

𝛤(1−𝜎+𝜂−𝛽)𝛤(1−𝜎)
,    𝑥 > 0                              (2.10)                                                                                        

In particular, for x > 0            

              (𝐷−
𝛼,𝑡𝜎−1)(𝑥) = 𝑥(𝜎+𝛼−1) 𝛤(1−𝜎+𝛼)

𝛤(1−𝜎)
  ,                    (2.11) 

            [ 0 ≤ 𝑅𝑒(𝛼), (1+ 𝑅𝑒(𝛼) − 𝑛) > 𝑅𝑒(𝜎)] .                                   
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                        (𝐷𝜂,𝛼
− 𝑡𝜎−1)(𝑥) = 𝑥(𝜎−1) 𝛤(1−𝜎+𝛼+𝜂)

𝛤(1−𝜎+𝜂)
 ,                                        (2.12) 

                    [ 0 ≤ 𝑅𝑒(𝛼), [(1+ 𝑅𝑒(𝛼 + 𝜂) − 𝑛 > 𝑅𝑒(𝜎)] .                                 

3. Main Results 

In this section, we establish two Theorems involving the products of multivariable 

H-functions and the general class of polynomials associated with the Siago 

fractional differential operators. [(1+ 𝑅𝑒(𝛼 + 𝜂) − 𝑛 > 𝑅𝑒(𝜎)] .                             

Theorem 3.1 Let 𝛼, 𝛽, 𝛿, 𝜌, 𝜎, 𝜆𝑗, 𝜂𝑖, 𝑧𝑖 , 𝑎, 𝑏, 𝑐𝑗 ∈ ℂ with ℜ(𝛿) > 0 and  𝑢𝑗 >

0,  𝑣𝑖 > 0, [ 𝑖 = (1,… , 𝑟);   𝑗 = (1,… , 𝑠)]. Then, we have 

      {𝐷0+
𝛼,𝛽,𝛿

(𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝
𝜗

𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]                    (3.1)                                  

                                               𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])}(x)                               

= 𝑏−𝜎𝑥𝜌+𝛽−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘  

𝐻𝑝+3,𝑞+3:𝑝1,𝑞1;…;𝑝𝑟,𝑞𝑟;0,1
0,𝑛+3:𝑚1,𝑛1;…;𝑚𝑟,𝑛𝑟;1,0

[
 
 
 
 
 𝑧1

𝑥𝑣1

𝑏𝜂1

...

𝑧𝑟
𝑥𝑣𝑟

𝑏𝜂𝑟

−
𝑎

𝑏
𝑥

|

| 𝐸 , (𝑎j,𝛼𝑗
(1)

, … , 𝛼𝑗
(𝑟)

)
1,𝑝

:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,𝑞

,   𝐸
∗:

     (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

     (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

;

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
]                                                                                                                                                                                

where E and  𝐸∗  are defined simply by the following arrays: 

     𝐸 = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 1), (1 − 𝜌 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1), 

                               (1 − 𝜌 − 𝛼 − 𝛽 − 𝛿 − ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1) 

and   𝐸∗   = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 0), (1 − 𝜌 − ∑ 𝑢𝑗𝑘

𝑠
𝑗=1 ; 𝑣1, … , 𝑣𝑟, 1),  

                                             (1 − 𝜌 − 𝛿 − ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1) . 

The sufficient conditions of validity of (3.1) are, 

                             |arg  𝑧𝑖 | <
𝜋

2
𝛺𝑖 ,     𝑤ℎ𝑒𝑟𝑒  𝛺𝑖 > 0, ∀𝑖 = 1,… , 𝑟 𝑎𝑛𝑑      (3.2) 
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𝛺𝑖 = −∑ 𝛼𝑗
(𝑖)

−
𝑝

𝑗=𝑛+1
∑ 𝛽𝑗

(𝑖)
+

𝑞

𝑗=1
∑ 𝛾𝑗

(𝑖)
𝑛𝑖

𝑗=1

− ∑  𝛾𝑗
(𝑖)

+
𝑝𝑖

𝑗=𝑛𝑖+1
∑ 𝛿𝑗

(𝑖)
−

𝑚𝑖

𝑗=1
∑ 𝛿𝑗

(𝑖)
𝑞𝑖

𝑗=𝑚𝑖+1
.  

                                            ℜ(𝜇) > 0,                                       (3.3)   

              ℜ(𝜇) + ∑ 𝛾𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿
𝑗
(𝑖) )} > 𝑚𝑎 𝑥{0,ℜ(𝛽 − 𝛿)} ,            

              ℜ(𝜎) + ∑ 𝜂𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿𝑗
(𝑖) )} > 𝑚𝑎𝑥{0,ℜ(𝛽 − 𝛿)}  

and                                             |
𝑎

𝑏
𝑥|<1.                                                  (3.4)                                                                                                                        

Proof:  Let ℒ  be the left-hand side of (2.1).  Using (1.4), (1.1), we get by and 

expension of the term of (𝑏 − 𝑎𝑡)−𝜁, we get  

                            (𝑏 − 𝑎𝑡)−𝜁 = 𝑏−𝜁 ∑
(𝜁)𝑠

𝑠!
 (

𝑎𝑥

𝑏
)

𝑠
,    where (

𝑎𝑥

𝑏
< 1).               (3.5) ∞

𝑠=0   

Interchanging the summations and the integrals, after a little simplification, we obtain 

                             ℒ = ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜂𝑗
𝑠
𝑗=1 𝑘                              

              
1

(2𝜋𝑖)𝑟+1 ∫ …
 

𝐿1
∫  𝜙1(𝜉1)

 

𝐿𝑟
…𝜙𝑟(𝜉𝑟)𝜓(𝜉1, … , 𝜉𝑟)𝑧1

𝜉1 , … , 𝑧𝑟
𝜉𝑟𝑑𝜉1 …𝑑𝜉𝑟         

∫  
 

𝐿𝑟+1

Γ(1−𝜎−∑ λ𝑗
𝑠
𝑗=1 𝑘 +∑ 𝜂𝑖

𝑟
𝑖=1 𝜉𝑖+𝜉𝑟+1)

Γ(1−𝜎−∑ λ𝑗
𝑠
𝑗=1 𝑘 +∑ 𝜂𝑖

𝑟
𝑖=1 𝜉𝑖 )Γ(1+𝜉𝑟+1)

(−𝑎/𝑏)𝜉𝑟+1𝑑𝜉𝑟+1                 

                                                           (𝐷0+
𝛼,𝛽,𝛿

 𝑡ρ+∑ λ𝑗
𝑠
𝑗=1 𝑘 +∑ 𝜂𝑖

𝑟
𝑖=1 𝜉𝑖+𝜉𝑟+1−1) (x). (3.6)                         

Then applying (2.7) to the last integral in (3.6) and interpreting the involved Mellin-

Barnes contour integrals in terms of the multivariable H-functions of r+1 variable, 

we obtain the right-hand side of (3.1). 

If we put   𝛽 =  - 𝛼   in Theorem 3.1 and use (2.8), we arrive at the following new 

and interesting corollary concerning Riemann-Liouville fractional differential 

operators defined by (2.3) : 
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Corollary 3.1    {𝐷0+
𝛼 (𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝

𝜗
𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]                (3.7)    

                                               𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])}(x)                             

=𝑏−𝜎𝑥𝜌−𝛼−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜆𝑗
𝑠
𝑗=1 𝑘𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘

   

𝐻𝑝+2,𝑞+2∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟;0,1
0,𝑛+2∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟;1,0

[
 
 
 
 
 𝑧1

𝑥𝑣1

𝑏𝜂1

...

𝑧𝑟
𝑥𝑣𝑟

𝑏𝜂𝑟

−
𝑎

𝑏
𝑥

|

| 𝐸1, (𝑎j,𝛼𝑗
(1)

, … , 𝛼𝑗
(𝑟)

)
1,p

:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,q

, 𝐸2:
 

 (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

 (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

;

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
]. 

𝐸1 = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘; 𝜂1, … , 𝜂𝑟 , 1), (1 − 𝜌 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘; 𝑣1, … , 𝑣𝑟, 1)  

      𝐸2 = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘; 𝜂1, … , 𝜂𝑟, 0), (1 − 𝜌 + 𝛼 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘; 𝑣1, … , 𝑣𝑟, 1)       

Again, if we choose  β = 0  in Theorem 3.1 and use (2.4) we get the following 

result which is also believed to be new and pertains to Erdélyi -Kober fractional 

differential operators defined by (2.5): 

Corollary 3.2  {𝐷𝛿,𝛼
+ (𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝

𝜗
𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]            (3.8)                 

                                             𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])} (𝑥)                             

=𝑏−𝜎𝑥𝜌−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘  

𝐻𝑝+2,𝑞+2∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟;0,1
0,𝑛+2∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟;1,0

[
 
 
 
 
 𝑧1

𝑥𝑣1

𝑏𝜂1

...

𝑧𝑟
𝑥𝑣𝑟

𝑏𝜂𝑟

−
𝑎

𝑏
𝑥

|

| 𝐸1
∗, (𝑎j,𝛼𝑗

(1)
, … , 𝛼𝑗

(𝑟)
)

1,p
:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,q

, 𝐸1
∗∗:

 (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

  (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

; _

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
] 

      𝐸1
∗ = (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟 , 1), (1 − 𝜌 − 𝛿 −

                                                                                               ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘; 𝑣1, … , 𝑣𝑟, 1)  

             𝐸1
∗∗ = (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 0), (1 − 𝜌 + 𝛼 − 𝛿 −

                                                                                                        ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1)   

The sufficient conditions of validity of (3.7) are 

                                                       0< ℜ(𝛼)                                       (3.9)                      
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                          ℜ(𝜌) + ∑ 𝛾𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿
𝑗
(𝑖) )} > −𝑅(𝛿) , 

                          ℜ(𝜎) + ∑ 𝜆𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿
𝑗
(𝑖) )} > −𝑅(𝛿)  

and the conditions (3.2),(3.3) and (3.4)  in Theorem 3.1 are also satisfied. 

Theorem 3.2 Let 𝛼, 𝛽, 𝛿, 𝜌, 𝜎, 𝜆𝑗, 𝜂𝑖 , 𝑧𝑖 , 𝑎, 𝑏, 𝑐𝑗 ∈  ℜ(𝛿)>0, and 𝑢𝑗 > 0, 𝑣𝑖 >

0, ( 𝑖𝜖 = {1,… , 𝑟};   𝑗𝜖 = {1,… , 𝑠}). Then we have 

  {𝐷−
𝛼,𝛽,𝛿(𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝

𝜗
𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]                              (3.10)       

                                   𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])}(x)                  

=𝑏−𝜎𝑥𝜌+𝛽−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘   

  𝐻𝑝+3,𝑞+3∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟;0,1
0,𝑛+3∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟;1,0

[
 
 
 
 
 z1

xγ1

bη1

...

zr
xγr

bηr

−
𝑎

b
x

|

| 𝐹, (𝑎j,𝛼𝑗
(1)

, … , 𝛼𝑗
(𝑟)

)
1,𝑝

:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,q

, 𝐹∗:

    (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

     (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

;

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
]  

where, for simplicity F &  𝐹∗ are denoted by the following arrays: 

    𝐹 = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 1), (𝜌 + 𝛽 + ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1) 

                                     (𝜌 − 𝛼 − 𝛿 − ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1). 

    𝐹∗ = (1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 0), (𝜌 + ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1), 

                                     (𝜌 + 𝛽 − 𝛿 + ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1). 

The sufficient conditions of validity of (3.7) are 

                                                       0< ℜ(𝛼),                  (3.11)                                 

                              ℜ(𝜌) + ∑ 𝛾𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿
𝑗
(𝑖) )} > −𝑅(𝛿)       (3.12)                                     
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                             ℜ(𝜎) + ∑ 𝜆𝑖
𝑟
𝑖=1 𝑚𝑖𝑛

1≤𝑗≤𝑚𝑖

{ℜ(
(𝑑𝑗

(𝑖)
)

𝛿
𝑗
(𝑖) )} > −𝑅(𝛿)         (3.13)                                      

and the condition (3.2), (3.3) and (3.4) in Theorem 3.1 are also satisfied. 

Proof:  We easily obtain the Theorem 3.2 after a small simplification on making use 

of similar lines as adopted in Theorem 3.1 and using Lemma 1.3.  

 

If we put 𝛽 =−𝛼 in Theorem 3.2, and using (2.11),we arrive at the following  

new and interesting corollary concerning Riemann-Liouville fractional 

differential operators defined by (2.4) : 

Corollary 3.5    {𝐷−
𝛼(𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝

𝜗
𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]      (3.14)                                   

                              𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])}(x)    

          =𝑏−𝜎𝑥𝜌−𝛼−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜂𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘

 

𝐻𝑝+2,𝑞+2∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟;0,1
0,𝑛+2∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟;1,0

[
 
 
 
 
 𝑧1

𝑥𝑣1

𝑏𝜂1

...

𝑧𝑟
𝑥𝑣𝑟

𝑏𝜂𝑟

−
𝑎

𝑏
𝑥

|

| 𝐸2
∗, (𝑎j,𝛼𝑗

(1)
, … , 𝛼𝑗

(𝑟)
)

1,𝑝
:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,𝑞

, 𝐸2
∗∗:

   (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

    (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

;

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
].     

             𝐸2
∗ = (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘; 𝜂1, … , 𝜂𝑟, 1), (𝛽 + 𝜌 + ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘; 𝑣1, … , 𝑣𝑟, 1)  

     𝐸2
∗∗ = (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟, 0), (𝜌 + ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1)  

Again, if we 𝛽 = 0 in Theorem 3.2, and use (2.12), we get the following result 

which is also believed to be new and pertains to Erdélyi-Kober fractional 

differential operators defined by (2.6) : 

Corollary 3.4     {𝐷𝛿,𝛼
+ (𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝

𝜗
𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]      (3.15)                        

                                   𝐻[𝑧1𝑡
𝑣1(𝑏 − 𝑎𝑡)−𝜂1 …𝑧𝑟𝑡

𝑣𝑟(𝑏 − 𝑎𝑡)−𝜂𝑟])}(𝑥)                    
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=𝑏−𝜎𝑥𝜌−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘  

𝐻𝑝+2,𝑞+2∶ 𝑝1, 𝑞1; … ; 𝑝𝑟,𝑞𝑟;0,1
0,𝑛+2∶ 𝑚1, 𝑛1; … ; 𝑚𝑟, 𝑛𝑟;1,0

[
 
 
 
 
 𝑧1

𝑥𝑣1

𝑏𝜂1

...

𝑧𝑟
𝑥𝑣𝑟

𝑏𝜂𝑟

−
𝑎

𝑏
𝑥

|

| 𝐹1
∗, (𝑎j,𝛼𝑗

(1)
, … , 𝛼𝑗

(𝑟)
)
1,𝑝

:

(bj,𝛽𝑗
(1)

, … , 𝛽𝑗
(𝑟)

)
1,𝑞

, 𝐹1
∗∗:

 

 (𝑐𝑗
(1)

, 𝛾𝑗
(1)

)
1,𝑝1

; … ;

 (𝑑𝑗
(1)

, 𝛿𝑗
(1)

)
1,𝑞1

; … ;

(𝑐𝑗
(𝑟)

, 𝛾𝑗
(𝑟)

)
1,𝑝𝑟

;

(𝑑𝑗
(𝑟)

, 𝛿𝑗
(𝑟)

)
1,𝑞𝑟

; (0,1)
] 

    𝐹1
∗ = (1 − 𝜎 − ∑ λ𝑗

𝑠
𝑗=1 𝑘; 𝜂1, … , 𝜂𝑟, 1), (𝜌 − 𝛼 − 𝛿 + ∑ u𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1)  

 𝐹1
∗∗ = (1 − 𝜎 − ∑ λ𝑗

𝑠
𝑗=1 𝑘 ; 𝜂1, … , 𝜂𝑟 , 0), (𝜌 + 𝛽 − 𝛿 + ∑ u𝑗

𝑠
𝑗=1 𝑘 ; 𝑣1, … , 𝑣𝑟, 1).  

The conditions of validity of the above results follow easily from the conditions 

given with Theorem 3.4. 

4. Special Cases and Applications 

 

We begin by remarking the following facts:  

(i)   The generalized fractional integral operators used in Theorem 3.1 and 3.2 are   

       unified ones in nature.  

(ii)  The product of the general class of polynomials given in Theorem 3.1 and 3.2   

       reduces to a large spectrum of known polynomials as illustrated in Srivastava et   

       al [10].  

(iii) The multivariable H-functions occurring in Theorem   3.1 and   3.2 can be    

       suitably specialized to give a large number of useful functions, for example, the   

       Generalized Mittag-Leffler function, Bessel functions of one variable,    

       generalized Wright hypergeometric functions, generalized Lauricella function,  

       and so on. 

 

(a) If we reduce the multivariable H-functions involved in (3.1) to the product of r 

different Whittaker functions and Srivastava et al. [10, p. 18, equation (2.6.7)] 

and taking, 𝑣𝑖 = 1,  𝜂𝑖 → 0 (i = 1,…, r), we get the following new and 

interesting result : 

     {𝐷0+
𝛼,𝛽,𝛿

(𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝
𝜗

𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗] ×

                                                                                         ∏ 𝑒
(
−𝑡𝑧𝑖

2
)
𝑊𝑣𝑖,𝜌𝑖

𝑟
𝑖=1 (𝑡𝑧𝑖)}(x)            
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=𝑏−𝜎𝑥𝜌+𝛽−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜂𝑗
𝑠
𝑗=1 𝑘 𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘  

H3,3:1,2;…;1,2;0,1
 0,3:2,0  ;…;2,0;1,0

[
 
 
 
 
𝑧1𝑥
.
..

𝑧𝑟𝑥

−
𝑎

𝑏
𝑥

|
| (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘 ; 1, … ,1,1), (1 − 𝜌 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 1, … ,1,1)

(1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘 ; 1,… ,1,0)(1 − 𝜇 − 𝛽 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘 ; 1, … ,1,1)

 

         
(1 − 𝜌 − 𝛼 − 𝛽 − 𝛿 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘 ; 1, … ,1,1): (1 − 𝑢1, 1); … ; (1 − 𝑢𝑟 , 1); −

(1 − 𝜌 − 𝛿 − ∑ 𝜂𝑗
𝑠
𝑗=1 𝑘 ; 1, … ,1,1): (

1

2
± 𝜌1, 1) ; … ; (

1

2
± 𝜌𝑟 , 1) ; (0,1)

](4.1)     

The conditions of validity of the (4.1) result easily follow the form (3.1). 

(b)   If we reduce the multivariable H-functions into the product of H-functions of 

two variables in Theorem 3.1 and then reduce Fox’s H-function to the exponential 

function by taking 𝑣𝑖 = 1,  𝜂𝑖 → 0, we get the following result after a simple 

simplification which is believed to be new:  

 

 𝐷0+
𝛼,𝛽,𝛿

(𝑡𝜌−1(𝑏 − 𝑎𝑡)−𝜎 ∏ 𝑀𝑝
𝜗

𝑞
𝜇𝑠

𝑗=1 [𝑐𝑗𝑡
𝑢𝑗(𝑏 − 𝑎𝑡)−𝜆𝑗]𝑒(−𝑡𝑧1) ×                                    

                                            𝐻𝑝2,𝑞2

𝑚2,𝑛2 [

 
 
 
𝑧2𝑡

𝑣2(𝑏 − 𝑎𝑡)−𝜂2|

(𝑐𝑗
(2)

, 𝛾𝑗
(2)

)
1,𝑝2

(𝑑𝑗
(2)

, 𝛿𝑗
(2)

)
1,𝑞2

] (𝑥)              

=𝑏−𝜎𝑥𝜌+𝛽−1 ∑ ∑
(𝑎1)𝑘,…,(𝑎𝑝)𝑘

(𝑏1)𝑘,…,(𝑏𝑝)𝑘  

𝑠
𝑗=1

∞
𝑘=𝑜

𝑥
𝑢𝑗𝑘 

𝛤(𝜗𝑘+𝜇)
(𝑐𝑗

  )𝑘𝑏−∑ 𝜂𝑗
𝑠
𝑗=1 𝑘𝑥∑ 𝑢𝑗

𝑠
𝑗=1 𝑘

    

H3,3:0,1 ;p2,𝑞2, 0,1
 0,3:1,0;m2,𝑛2, 1,0

[
 
 
 
 

𝑧1𝑥
  

𝑧2
𝑥𝑣2

𝑏𝜂2

−
𝑎

𝑏
𝑥

|
| (1 − 𝜎 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘; 1, 𝜂2, 1), (1 − 𝜌 − ∑ 𝑢𝑗

𝑠
𝑗=1 𝑘; 1, 𝑣2, 1)

(1 − 𝜎 − ∑ 𝜆𝑗
𝑠
𝑗=1 𝑘; 1, 𝜂2, 0)(1 − 𝜇 − 𝛽 − ∑ 𝜆𝑗

𝑠
𝑗=1 𝑘; 1, 𝑣2, 1)

     

               

(1 − 𝜌 − 𝛼 − 𝛽 − 𝛿 − ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘; 1, 𝑣2, 1):−;

(1 − 𝜌 − 𝛿 − ∑ 𝑢𝑗
𝑠
𝑗=1 𝑘; 1, 𝑣2, 1): (0,1);… ;

(𝑐𝑗
(2)

, 𝛾𝑗
(2)

)
1,𝑝2

; −

(𝑑𝑗
(2)

, 𝛿𝑗
(2)

)
1,𝑞2

; (0,1)
].   (4.2)           

The conditions of validity of the (4.1) result easily follow from (3.1). 
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5. Conclusion 

 

In the present paper, we have obtained the result namely Theorem 3.1 and Theorem 

3.2 of the generalized fractional derivative operators given by Saigö [18]. The 

theorems have been developed in terms of the product of multivariable H-functions 

[8,12]and a general class of polynomials in a compact and elegant with the help of 

Saigö operator. Most of the results obtained have been put in a compact form, 

avoiding the occurrence of [18] infinite series and thus making them useful in 

applications.  

 

Acknowledgement: We are thankful to the editor and reviewer for constructive as 

well as creative suggestions. 
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