
 

Mathematical Forum       ISSN: 0972-9852 

Vol. 30, 2023 

 

1 
 

EXISTENCE OF SOLUTION OF INTEGRAL EQUATIONS IN CONE 

METRIC SPACES 

Shiv Kant Tiwari 

Department of Mathematics, Lukhdhirji Engineering College, Morbi (Gujarat)-363642, India 

Email:  shivkant.math@gmail.com 

 

Received on: 03/09/2022 

Accepted on: 26/07/2023 

 

Abstract 

 

In this study, we use comparison mapping for contractive conditions 

in cone metric spaces to demonstrate the existence of a solution to 

mixed type integral equations. We use examples to show how our 

findings can be put to use. 
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1. Introduction 

Fractional The French mathematician Frechet [15] originally described and 

investigated an abstract metric space in 1906. Numerous researchers [6, 8, 10, 18, 19, 

20] have expanded the definition of metric space to include cone, semi, and quasi 

metric spaces, as well as generalized contraction mappings with applications. 

One of the most vital areas of mathematics is fixed point theory, with numerous 

applications in several aspects of physical science as well as various domains of 

mathematics. The Banach contraction principle has a large number of generalizations 

like Ciric contraction, S-contraction, Chatterjee contraction, weak contractions 

principle etc. These contractions proved many results in analysis and play a key part 

in determining the existence and uniqueness of the findings in analysis and many 

other areas of mathematics. 
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Branciari [3] derived results in a fixed point theory for a single mapping in 2002. The 

authors [1, 2, 9, 11, 12, 16] used integral type equations to demonstrate several fixed 

point theorems.  

2. Preliminaries 

Definition 2.1 [7, 13, 14] Assume that 𝐵 is a real Banach space and consider a subset 

ℂ of 𝐵 is referred to as a cone if satisfy: 

 1.    ℂ ≠ {0}, nonempty and closed 

 2.    𝑎, 𝑏 ∈ 𝑅+,  𝛼, 𝛽 ∈ ℂ   ⇒ 𝑎𝛼 + 𝑏𝛽 ∈ ℂ; 

 3.    𝛼 ∈ ℂ and −𝛼 ∈ ℂ ⇒ 𝛼 = 0.  

A partial order relation ⩽ on a cone ℂ define as 𝛼 ⩽ 𝛽 if and only if 𝛽 − 𝛼 ∈ ℂ. If 

there is a positive number 𝑎 > 0 such that  

0 ⩽ 𝛼 ⩽ 𝛽 ⇒∥ 𝛼 ∥⩽ 𝑎 ∥ 𝛽 ∥, 

for all 𝛼, 𝛽 ∈ 𝐵, then cone ℂ is known as normal and the least positive value which 

holds the above inequality is known as normal constant of cone ℂ. 

Definition 2.2 [7, 13, 14] Consider 𝐵 be a Banach space and 𝑋 be a nonempty subset 

of 𝐵, then a mapping 𝑑: 𝑋 × 𝑋 → 𝐵 is known as cone and (𝑋, 𝑑) is known as cone 

metric space if satisfies: 

 (𝑖)   𝑑(𝛼, 𝛽) ≥ 0 and 𝑑(𝛼, 𝛽) = 0 if and only if 𝛼 = 𝛽; 

 (𝑖𝑖)  𝑑(𝛼, 𝛽) = 𝑑(𝛽, 𝛼); 

 (𝑖𝑖𝑖) 𝑑(𝛼, 𝛽) ≤ 𝑑(𝛼, 𝛾) + 𝑑(𝛾, 𝛽) 

for all 𝛼, 𝛽, 𝛾 ∈ 𝑋.   

Example 2.1 [13, 17] Consider the supremum norm on the the Banach space B =

ℂ([0, l], ℤ), which are all the continuous functions from [0, l] into ℤ, such that  

∥ 𝛼 ∥∞= 𝑠𝑢𝑝{∥ 𝛼(𝑠) ∥: 𝑠 ∈ [0, 𝑙]}. 

 Assume ℂ = {(𝛼, 𝛽): 𝛼, 𝛽 ≥ 0} ⊂ 𝐵 = ℝ2 and 𝑑(𝜁, 𝜉) = (∥ 𝜁 − 𝜉 ∥, 𝜅 ∥ 𝜁 − 𝜉 ∥∞), 

for every 𝜁, 𝜉 ∈ 𝐵. Then (𝐵, 𝑑) is a cone metric space on the supremum norm.  
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Definition 2.3 [17] Consider a function 𝛹: 𝑋 → 𝑋 on an ordered space 𝑋 is sid to be 

comparison function if it implies 𝛼 ≤ 𝛽, 𝛹(𝛼) ≤ 𝛹(𝛽), 𝛹(𝛼) ≤ 𝛼 and 𝑙𝑖𝑚𝑛→∞ ∥

𝛹𝑛(𝛼) ∥= 0, for every 𝛼, 𝛽 ∈ 𝑋.  

Example 2.2 [17] Let ℂ = {(𝛼, 𝛽) ∈ 𝐵: 𝛼, 𝛽 ≥ 0}, where 𝐵 = ℝ2, then a mapping 

𝛹: 𝐵 → 𝐵 defined as 𝛹(𝛼, 𝛽) = (𝑎𝛼, 𝑎𝛽) is a comparison function for 𝑎 ∈ (0,1). If 

𝛹1, 𝛹2 are two comparison functions over ℝ, then 𝛹(𝛼, 𝛽) = (𝛹1(𝛼), 𝛹2(𝛽)) is also 

a comparison function over B.  

Lemma 2.1 [17] Given that normal constant β on a normal cone ℂ. Let 𝑓: 𝑋 → 𝑋 be a 

function on a complete cone metric space (X, d) as follows  

𝑑(𝑓(𝛼), 𝑓(𝛽)) ≤ Ψ(𝑑(𝛼, 𝛽)), 

 for all 𝛼, 𝛽 ∈ 𝑋. If it is exists as a comparison function 𝛹: ℂ → ℂ, then 𝑓 has a unique 

fixed point.  

The aim of the current research is to generalized the findings of Pachpatte [4, 5] and 

numerous other articles by investigating the existence and uniqueness of solutions to 

the integrodifferential equations using fixed point theory on the cone metric spaces.                                

3. Main Results 

Theorem 3.1 Assume the integrodifferential equations on a complete cone metric 

space (𝑋, 𝑑) as follows  

𝑢(𝑠) = 𝑓(𝑠) + ∫
𝑠

0
𝜁(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 + ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡,    𝑠 ∈ [0, 𝑙],          (3.1) 

             𝑢′(𝑠) = 𝑓(𝑠) + ∫
𝑠

0
𝜁(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 + ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡,    𝑢(0) = 𝑢0,      (3.2) 

 where 𝑓: [0, 𝑙] → ℤ,    𝜁, 𝜉: [0, 𝑙] × [0, 𝑙] × ℤ → ℤ are continuous functions and ℤ is a 

Banach space on the norm ∥. ∥, provided 𝑢0 ∈ ℤ, If the following criteria are met by 

integrodifferential equations: 

 (ℂ1) A comparison function Ψ: ℝ+ → ℝ+ and continuous functions 𝑞1, 𝑞2: [0, 𝑙] ×

[0, 𝑙] → ℝ+ are exists, such that  

(∥ 𝜁(𝑠, 𝑡, 𝑝) − 𝜁(𝑠, 𝑡, 𝑞) ∥, 𝛽 ∥ 𝜁(𝑠, 𝑡, 𝑝) − 𝜁(𝑠, 𝑡, 𝑞) ∥) ≤ 𝑞1(𝑠, 𝑡)Ψ(𝑑(𝑝, 𝑞)), 

(∥ 𝜉(𝑠, 𝑡, 𝑝) − 𝜉(𝑠, 𝑡, 𝑞) ∥, 𝛽 ∥ 𝜉(𝑠, 𝑡, 𝑝) − 𝜉(𝑠, 𝑡, 𝑞) ∥) ≤ 𝑞2(𝑠, 𝑡)Ψ(𝑑(𝑝, 𝑞)), 
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 for every 𝑠, 𝑡 ∈ [0, 𝑙] and 𝑝, 𝑞 ∈ ℤ.  

(ℂ2)    sup
𝑠∈[0,𝑙]

∫
𝑙

0

[𝑞1(𝑠, 𝑡) + 𝑞2(𝑠, 𝑡)]𝑑𝑡 = 1, ∫
𝑙

0

∫
𝑙

0

[𝑞1(𝑠, 𝑡) + 𝑞2(𝑠, 𝑡)]𝑑𝑡  𝑑𝑡 ≤ 1. 

Then the unique solution of integrodifferential equations (3.1) and (3.2) are exists on 

[0, 𝑙].  

Proof : Consider the operator Γ: 𝐵 → 𝐵 is  

                Γ𝑢(𝑠) = 𝑓(𝑠) + ∫
𝑠

0
𝜁(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 + ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡,    𝑠 ∈ [0, 𝑙].      (3.3)  

By conditions ℂ1 and ℂ2, we have  

 

(∥ 𝛤𝑢(𝑠) − 𝛤𝑣(𝑠) ∥, 𝛽 ∥ 𝛤𝑢(𝑠) − 𝛤𝑣(𝑠) ∥)

≤ (∥ ∫
𝑠

0
𝜁(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 + ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 − ∫

𝑠

0
𝜁(𝑠, 𝑡, 𝑣(𝑡))𝑑𝑡 − ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑣(𝑡))𝑑𝑡 ∥,

𝛽 ∥ ∫
𝑠

0
𝜁(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 + ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡))𝑑𝑡 − ∫

𝑠

0
𝜁(𝑠, 𝑡, 𝑣(𝑡))𝑑𝑡 − ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑣(𝑡))𝑑𝑡 ∥)

≤ (∫
𝑠

0
∥ 𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡 + ∫

𝑙

0
∥ 𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡,

𝛽 ∫
𝑠

0
∥ 𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡 + 𝛽 ∫

𝑙

0
∥ 𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡)

≤ (∫
𝑠

0
∥ 𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡, 𝛽 ∫

𝑠

0
∥ 𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡)

+(∫
𝑙

0
∥ 𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡, 𝛽 ∫

𝑙

0
𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡)) ∥ 𝑑𝑡)

≤ ∫
𝑠

0
𝑞1(𝑠, 𝑡)𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞)𝑑𝑡 + ∫

𝑙

0
𝑞2(𝑠, 𝑡)𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞)𝑑𝑡

≤ ∫
𝑙

0
𝑞1(𝑠, 𝑡)𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞)𝑑𝑡 + ∫

𝑙

0
𝑞2(𝑠, 𝑡)𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛼 ∥ 𝑢 − 𝑣 ∥∞)𝑑𝑡

≤ ∫
𝑙

0
[𝑞1(𝑠, 𝑡) + 𝑞2(𝑠, 𝑡)]𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞)𝑑𝑡

≤   𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞) ∫
𝑙

0
[𝑞1(𝑠, 𝑡) + 𝑞2(𝑠, 𝑡)]𝑑𝑡

=   𝛹(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞),

 

 This means that  

𝑑(Γ𝑢, Γ𝑣) ≤ Ψ(𝑑(𝑢, 𝑣)) 

for every 𝑢, 𝑣 ∈ 𝐵. Now, the Lemma 2.1 has been applied, therefore the operator Γ 

has a unique fixed point in 𝐵 and hence a unique solution of equations (3.1) and 

(3.2). Thus Theorem 3.1 has proved. 
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Example 3.1 Consider the mappings 𝜁 and 𝜉 such that  

 𝜁(𝑠, 𝑡, 𝑢) = 𝑠𝑡 +
𝑢𝑡

2
, ℎ(𝑠, 𝑡, 𝑢) = (𝑠𝑡)2 +

𝑠𝑡𝑢2

2
, 𝑠, 𝑡 ∈ [0,1]  𝑢 ∈ ℂ([0,1], ℝ),      (3.4) 

 and a metric 𝑑(𝑢, 𝑣) described as  

𝑑(𝑢, 𝑣) = (∥ 𝑢 − 𝑣 ∥∞, 𝛼 ∥ 𝑢 − 𝑣 ∥∞) 

on ℂ([0,1], ℝ) and 𝛽 ≥ 0. Then ℂ([0,1], ℝ) is a complete cone metric space. We 

choose two continuous functions 𝑞1
∗(𝑠, 𝑡), 𝑞2

∗(𝑠, 𝑡): [0,1] × [0,1] → ℝ+, such that 

𝑞1
∗(𝑠, 𝑡) = 𝑡 and 𝑞2

∗(𝑠, 𝑡) = 𝑠𝑡 and a comparison function Ψ∗: ℝ2 → ℝ2 such that 

Ψ∗(𝑢, 𝑣) =
1

2
(𝑢, 𝑣). Now, we demonstrate that  

(|𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡))|, 𝛽|𝜁(𝑠, 𝑡, 𝑢(𝑡)) − 𝜁(𝑠, 𝑡, 𝑣(𝑡))|)

=   (|𝑠𝑡 +
𝑢𝑡

2
− 𝑠𝑡 −

𝑣𝑡

2
|, 𝛽|𝑠𝑡 +

𝑢𝑡

2
− 𝑠𝑡 −

𝑣𝑡

2
|)

=   (|
𝑢𝑡

2
−

𝑣𝑡

2
|, 𝛽|

𝑢𝑡

2
−

𝑣𝑡

2
|)

=   
𝑡

2
(|𝑢 − 𝑣|, 𝛽|𝑢 − 𝑣|)

≤   
𝑡

2
(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞)

=   𝑞1
∗Ψ∗(∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞),

 

 Similarly, we can show that  

(|𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡))|, 𝛽|𝜉(𝑠, 𝑡, 𝑢(𝑡)) − 𝜉(𝑠, 𝑡, 𝑣(𝑡))|) ≤   𝑞2
∗Ψ∗(

∥ 𝑢 − 𝑣 ∥∞, 𝛽 ∥ 𝑢 − 𝑣 ∥∞), 

 Now, we obtain  

∫
1

0

[𝑞1
∗(𝑠, 𝑡) + 𝑞2

∗(𝑠, 𝑡)]𝑑𝑡 = ∫
1

0

[𝑡 + 𝑠𝑡]𝑑𝑡 =
1

2
(1 + 𝑠) ⇒ sup

𝑠∈[0,1]
{
1

2
(1 + 𝑠)} = 1. 

 ∫
1

0 ∫
1

0
[𝑞1

∗(𝑠, 𝑡) + 𝑞2
∗(𝑠, 𝑡)]𝑑𝑡𝑑𝑠 = ∫

1

0 ∫
1

0
[𝑡 + 𝑠𝑡]𝑑𝑡𝑑𝑠 = ∫

1

0

1

2
(1 + 𝑠)𝑑𝑠 ≤

3

4
< 1. 

Thus fulfilled each requirement of Theorem 3.1, therefore the validity of solution of 

the integrodifferential equations are existence and uniqueness. 
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